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The directional weak decay constants of neutral pions are determined at finite temperature T ,
chemical potential µ and in the presence of a constant magnetic field B. To do this, we first derive
the energy dispersion relation of neutral pions from the corresponding effective action of a two-flavor,
hot and magnetized Nambu–Jona-Lasinio model. Using this dispersion relation, including nontrivial
directional refraction indices, we then generalize the PCAC relation of neutral pions and derive the
Goldberger-Treiman (GT) as well as the Gell–Mann-Oakes-Renner (GOR) relations consisting of
directional quark-pion coupling constant g
(µ)
qqπ0
and the weak decay constant f
(µ)
π0
of neutral pions.
The temperature dependence of g
(µ)
qqπ0
and f
(µ)
π0
are then determined for fixed chemical potential
and various constant background magnetic fields. The GT and GOR relations are also verified at
finite T, µ and eB. It is shown that, because of the explicit breaking of the Lorentz invariance by
the magnetic field, the directional quark-pion coupling and decay constants of neutral pions in the
longitudinal and transverse directions with respect to the direction of the external magnetic field
are different, i.e., g
‖
qqπ0
6= g⊥qqπ0 and f
‖
π0
6= f⊥π0 . As it turns out, for fixed T, µ and B, g
‖
qqπ0
> g⊥qqπ0
and f
‖
π0
< f⊥π0 .
PACS numbers: 12.38.-t, 11.30.Qc, 12.38.Aw, 12.39.-x
I. INTRODUCTION
Today’s theory of strong interactions is quantum chro-
modynamics (QCD). At momentum scales of several
GeV, QCD is a theory of weakly interacting quarks
and gluons. At low momentum scales, however, QCD
is governed by color confinement, which is accompa-
nied by spontaneous breaking of chiral symmetry. Ac-
cording to the Goldstone theorem, spontaneous chi-
ral symmetry breaking (SχSB) implies the existence
of Nambu-Goldstone (NG) bosons. For two quark
flavors, up and down, the isospin triplet of neutral
and charged pions is identified as the NG bosons of
SχSB. Thus, at low momentum scales, the weakly
interacting pions build up the main degrees of free-
dom of QCD. There is strong theoretical and exper-
imental evidence that chiral symmetry is restored at
temperatures higher than 200 MeV. Crucial informa-
tion on the restoration of chiral symmetry is provided
by the change in the pion properties in the vicinity
of the chiral transition point. Among these proper-
ties, the pions’ mass, mπ, and weak decay constant,
fπ, are the most important quantities, since they are
deeply related to SχSB: mπ and fπ are related to the
quark bare mass and the chiral condensate via the
Gell–Mann-Oakes-Renner (GOR) relation [1, 2]. To
study the properties of pions, models of Nambu–Jona-
Lasinio (NJL) type have been quite useful [3]. One of
the basic properties of these models is that they in-
clude a gap equation that connects the chiral conden-
∗Electronic address: shfayazbakhsh@ipm.ir
†Electronic address: sadooghi@physics.sharif.ir
sate and the dynamical quark mass. This provides
a mechanism for dynamical chiral symmetry break-
ing and the generation of quark quasiparticle masses
[4]. It is known that strong magnetic fields enhance
this dynamical mass generation via the phenomenon
of magnetic catalysis [5, 6]. Different aspects of the
effect of strong magnetic fields on the properties of
quark matter were recently summarized in [7] (see, in
particular, [8]).
In our previous paper [9], we have investigated the
effect of external magnetic fields on the properties of
neutral pions in a hot quark matter. In particular,
the neutral pion mass and its directional refraction
indices have been computed by making use of the ef-
fective action of a bosonized two-flavor NJL model
in the presence of a constant magnetic field. We have
shown that, since the presence of constant background
magnetic fields breaks the Lorentz invariance, a cer-
tain anisotropy emerges in the refraction indices of
neutral pions in the transverse and longitudinal di-
rections with respect to the direction of the external
magnetic field. In the present paper, we will mainly
focus on the effect of external magnetic fields on the
weak decay constant of neutral pions at finite tem-
perature. We will show that this quantity exhibits
the same anisotropy in the presence of constant back-
ground magnetic fields. Modifying the PCAC rela-
tion,1 we will also prove the Goldberger-Treiman (GT)
1 The partially conserved axial vector current (PCAC) rela-
tion combined with the Feynman integral corresponding to
the one-pion-to-vacuum matrix element is usually used to
determine the weak decay constant of pions.
and GOR relations in the presence of external mag-
netic fields. The effect of a constant background mag-
netic field on the low energy relations of neutral pions
was previously studied in [10]. Using a first order chi-
ral perturbation theory, it was shown that fπ0 and
mπ0 are shifted in such a way that the GOR relation
remains valid at finite T and eB [10].
Very strong magnetic fields are supposed to be cre-
ated in the early stages of noncentral heavy-ion colli-
sions at the RHIC and LHC [11]. Depending on the
collision energies and impact parameters, these mag-
netic fields are estimated to be of the order eB ∼
1.5m2π, with mπ = 138 MeV, corresponding to 0.03
GeV2, and eB ∼ 15m2π, corresponding to 0.3 GeV2,
respectively [12].2 Although extremely short lived, the
strong magnetic fields created in the heavy-ion colli-
sions affect the properties of charged quarks in the
early stage of the collision. Consequently, the prop-
erties of pions, even neutral pions, which are made of
these magnetized quarks are affected by background
magnetic fields. Let us emphasize that neutral pions
cannot interact directly with the external magnetic
fields, because of the lack of electric charge. Our
method provides a possibility to study the effect of
strong magnetic fields on neutral pions, at least at a
theoretical level. Studying the properties of neutral
pions in the final freeze-out region may provide some
hints on the prehistory of their constituent quarks in
the early stages of heavy-ion collisions.
The organization of this paper is as follows: In Sec.
II, we will introduce the two-flavor magnetized NJL
model, and, reviewing our analytical results from [9],
we will derive the effective action of neutral scalar and
pseudoscalar mesons, σ ∼ ψ¯ψ and πa ∼ ψ¯iγ5τaψ, in a
derivative expansion up to the second derivative.3 We
will show that it includes nontrivial form factors. To
study the dynamics of pions, we will mainly focus on
the kinetic part of the effective action that implies a
nontrivial “anisotropic” energy dispersion relation for
neutral pions,
E2π0 = u
(i)2
π0 q
2
i +m
2
π0 . (I.1)
Here, u
(i)
π0 , i = 1, 2, 3 are the directional refraction in-
dices and mπ0 is the mass of neutral pions. We then
present our numerical results for the T dependence
of u
(i)
π0 , i = 1, 2, 3 and mπ0 for fixed magnetic fields
eB = 0.03, 0.2, 0.3 GeV2 and zero chemical potential.
Comparing this case with the case of zero tem-
perature and/or magnetic field, we arrive at following
conclusions: Starting with an isospin symmetric the-
ory at zero temperature and in a magnetic-field-free
2 To keep the notation as standard as possible, we use in this
paper GeV2 instead of (GeV)2. Note that eB = 1 GeV2
corresponds to b ∼ 1.7× 1020 Gauß.
3 Here, τa, a = 1, 2, 3 are Pauli matrices. Moreover, π0 ≡ π3
and π± ≡ 1√
2
(π1 ∓ iπ2).
vacuum, the refraction indices for all pions are given
by
u(i)πa = 1, ∀i, a = 1, 2, 3. (I.2)
Thus, according to (I.1), the energy dispersion rela-
tion of neutral pions in field-free vacuum turns out to
be the well-known “isotropic” energy-dispersion rela-
tion
E2πa = q
2 +m2πa , ∀a = 1, 2, 3. (I.3)
Hence, in the chiral limit,4 and in field-free vacuum,
massless pions propagate at the speed of light.
At finite temperature, and eB = 0, however, the
relativistic invariance of the theory is broken by the
medium, but the isospin symmetry is still preserved.
In this case a single refraction index is defined for all
pions by
u(1)πa = u
(2)
πa = u
(3)
πa = u, ∀a = 1, 2, 3. (I.4)
The energy dispersion relation (I.1) is therefore given
by E2πa = u
2q2+m2πa , for all a = 1, 2, 3. This relation
appears e.g. in [13–15]. According to the results in
[14, 15], the refraction index u, being a T -dependent
quantity, is always smaller than unity (i.e. u < 1).
Thus, as it turns out, in the chiral limit, massless pions
move at a speed slower than the speed of light [16, 17].
In [9], we have studied the case T 6= 0 and eB 6= 0,
and shown that the effect of the magnetic field is
twofold: First, the isospin symmetry of the theory
breaks down. Consequently, neutral and charged pi-
ons exhibit different properties in the presence of back-
ground magnetic fields. Second, for a magnetic field
aligned in a fixed direction, a certain anisotropy ap-
pears in the transverse and longitudinal directions
with respect to this fixed direction. In [9], we have
only considered the case of neutral pions, and we as-
sumed that the magnetic field is directed in the third
direction. Here, the above-mentioned anisotropy is
reflected in the directional refraction indices as [9]
u
(1)
π0 = u
(2)
π0 6= u(3)π0 . (I.5)
Thus, the magnetized neutral pions satisfy the
anisotropic energy dispersion relation (I.1). Within
our truncation up to second order derivative expan-
sion,5 the transverse refraction indices u
(1)
π0 = u
(2)
π0 > 1,
and the longitudinal one u
(3)
π0 = 1, and they do not de-
pend on temperature and/or magnetic fields [see Fig.
4(b) in Sec. II]. As concerns the chiral limit, it turns
out that whereas the massless pions propagate in the
4 The chiral limit is characterized by m0 → 0, where m0 is
the bare mass of up and down quarks. This in turn implies
mπa → 0.
5 The contributions arising from pion-pion interactions are not
included in our computation.
2
direction parallel to the magnetic field with the speed
of light, their velocity in the plane perpendicular to
the direction of the B field is larger than 1.6 The
natural question arising at this stage is how these re-
sults are reflected in the other properties of neutral
and massive pions, in particular, in their low energy
relations. In Secs. III-IV of the present paper, we
have tried to answer this question by computing the
“directional” weak decay constant of neutral pions us-
ing a modified PCAC relation, that leads naturally to
modified GT and GOR relations.
In Sec. III, we prove the GT and GOR relations
in two different cases: In Sec. III A, using the main
arguments presented in [3], we will first assume that
the pions satisfy the ordinary isotropic energy disper-
sion relation (I.3). We will then combine the ordinary
PCAC relation
〈0|Jaµ,5(0)|πb(q)〉 = fπqµδab, (I.6)
and the Feynman integral corresponding to the one-
pion-to-vacuum matrix element, and then derive the
ordinary GT as well as GOR relations
gqqπfπ = m+O(m20), (I.7)
as well as
m2πf
2
π =
m0σ0
2G
+O(m20). (I.8)
Here, Jaµ,5 ≡ ψ¯γµγ5λaψ, with λa = τa/2, is the axial
vector current, gqqπ is the quark-pion coupling con-
stant, m = m0 + σ0 is the constituent quark mass,
including the bare quark mass m0, and the chiral con-
densate σ0 = −2G〈ψ¯ψ〉, with G being the NJL cou-
pling constant. In Sec. III B, we will then generalize
the method presented in Sec. III A to the case of pions
satisfying anisotropic energy dispersion relation (I.1).
To derive the modified GT and GOR relations in this
case, we will appropriately modify the PCAC relation
as
〈0|Jaµ,5(0)|πb(q)〉 = fbqµu(µ)2πb δab, (I.9)
for all µ = 0, · · · , 3 and a, b = 1, 2, 3. Here, the four-
vector u
(µ)
πb ≡ (1, u(i)πb ), with u(i)πb , i = 1, 2, 3 the direc-
tional refraction indices appearing in (I.1). In (I.9), fb
is first an unknown dimensionful proportionality fac-
tor, which will then be shown to be equal to the con-
stituent quark mass m. Following the same method
6 In our previous paper [9], the directional refraction indices
u
(i)
π0
, i = 1, 2, 3 defined by nontrivial form factors were com-
puted with finite bare quark mass m0 6= 0. We recalculate
u
(i)
π0
, i = 1, 2, 3 by assuming that m0 = 0. We get again
u
(1)
π0
= u
(2)
π0
> 1 as well as u
(3)
π0
= 1. In this paper, since we
are interested in the low energy theorems satisfied by mas-
sive pions, we do not attempt to go through the discussion of
superluminal pions (for more discussions see [18]).
as in Sec. III A, we will derive the modified GT and
GOR relations for all µ = 0, · · · , 3 and a = 1, 2, 3 as
g(µ)qqπaf
(µ)
πa = m+O(m20), (I.10)
and
m2πaf
(µ)2
πa = u
(µ)2
πa
m0σ0
2G
+O(m20), (I.11)
which, in contrast to (I.7) and (I.8), include the “di-
rectional” quark-pion coupling g
(µ)
qqπ0 and weak decay
constants of neutral pions f
(µ)
πa , as well as the direc-
tional refraction indices u
(µ)
πa . Note that for µ = 0
(temporal direction), the GOR relation (I.11) leads to
the well-known GOR relation
m2πaf
(0)2
πa =
m0σ0
2G
+O(m20), (I.12)
arising at finite temperature and zero magnetic field
[16, 17].7 As aforementioned, the case of a non-
vanishing magnetic field can be viewed as a special
case, where neutral pions satisfy the anisotropic en-
ergy dispersion relation (I.1) with directional refrac-
tion indices given in (I.5). In Sec. IV, we will explic-
itly determine g
(µ)
qqπ0 and f
(µ)
πa , first analytically (see
Sec. IVA) and then numerically (see Sec. IVB).
As it turns out, g
(0)
qqπ0 = g
(3)
qqπ0 6= g(1)qqπ0 = g(2)qqπ0 ,
as well as f
(0)
π0 = f
(3)
π0 6= f (1)π0 = f (2)π0 . In studying
the T dependence of these quantities, we arrive at
g
(0)
qqπ0 > g
(1)
qqπ0 and f
(0)
π0 < f
(1)
π0 . Setting a = 3
in the GT and GOR relations (I.10) and (I.11), we will
use these relations for neutral pions to prove numeri-
cally that f3, appearing in (I.9), is given by the con-
stituent quark mass m. Using the numerical data for
m2π0 , f
(µ)
π0 , u
(µ)
π0 and m, we will compare numerically
the left- and right hand side (r.h.s.) of the relation
m2πaf
(µ)2
πa = u
(µ)2
πa
m0m
2G
, (I.13)
which, comparing to the original GOR relation (I.11),
includes the contributions of O(m20). As it turns out,
this relation seems to be exact for small T and eB. A
slight deviation from this relation occurs at tempera-
ture above the chiral transition temperature. In Sec.
V, we will summarize our results. A number of use-
ful relations, which are used to derive the analytical
results in Sec. IV, are presented in the Appendix.
7 The GOR relationm2π =
2m0〈ψ¯ψ〉
(Reftπ)2
in finite temperature QCD
appearing in [16, 17] turns out to be equivalent to (I.11) in
the NJL model.
3
II. THE MODEL
A. Effective action of a two-flavor magnetized
NJL model in a derivative expansion
Let us start with the Lagrangian density of a two-
flavor gauged NJL model
L = ψ¯(x) (iγµDµ −m0)ψ(x) +G {[ψ¯(x)ψ(x)]2
+[ψ¯(x)iγ5~τψ(x)]
2} − 1
4
FµνFµν . (II.1)
Here, ψcα,f , ψ¯
c
α,f are the fermionic fields, carrying
Dirac α ∈ (1, · · · , 4), flavor f ∈ (1, 2) = (u, d) and
color c ∈ (1, 2, 3) = (r, g, b) indices. Choosing the
bare quark mass m0 ≡ mu = md, the above La-
grangian density is invariant under SU(2) isospin sym-
metry. The global SUL(2f ) × SUR(2f ) chiral and
SU(3c) color symmetries are guaranteed in the chi-
ral limit m0 → 0. Fixing the external U(1) gauge
field, Aext.µ , appearing in the covariant derivativeDµ ≡
∂µ+ieQA
ext.
µ , as A
ext.
µ = (0, 0, Bx1, 0), a constant mag-
netic field is produced, which is directed in the third
direction, B = Be3. Here, Q = diag (2/3,−1/3) is
the charge matrix of the up and down quarks. Using
Aext.µ , the electromagnetic field strength tensorFµν ≡
∂[µA
ext.
ν] is a constant tensor, with the only nonvan-
ishing component F12 = −F21 = B. Defining the
auxiliary meson fields σ and ~π as
σ(x) = −2Gψ¯(x)ψ(x),
~π(x) = −2Gψ¯(x)iγ5~τψ(x), (II.2)
where ~τ = (τ1, τ2.τ3) are the Pauli matrices, the La-
grangian density (II.1) is equivalently given by the
semibosonized Lagrangian as
Lsb = ψ¯(x) (iγµDµ −m0)ψ(x) − ψ¯ (σ + iγ5~τ · ~π)ψ
− (σ
2 + ~π2)
4G
− B
2
2
. (II.3)
The effective action corresponding to (II.3), Γeff, is
then determined by integrating out the fermionic
fields ψ and ψ¯,
eiΓeff[Φ(x)] =
∫
DψDψ¯ exp
(
i
∫
d4x Lsb
)
. (II.4)
As a functional of x-dependent meson fields
Φ(x) = (ϕ0, ϕ1, ϕ2, ϕ3) ≡ (σ, π1, π2, π3) , (II.5)
the effective action Γeff consists of two parts, Γeff =
Γ
(0)
eff + Γ
(1)
eff . The tree-level part is given by
Γ
(0)
eff [Φ(x)] = −
∫
d4x
(
σ2 + ~π2
4G
+
B2
2
)
, (II.6)
and the one-loop part reads
Γ
(1)
eff [Φ(x)] = −itr{sfcx} ln(iS−1Q [Φ(x)]). (II.7)
Here, the trace operation includes a trace over discrete
degrees of freedom, spinor s, flavor f and color c, as
well as an integration over the continuous coordinate
x. The inverse fermion propagator appearing in (II.7)
is given by
iS−1Q [Φ(x)] ≡ iγµDµ −
[
m(x) + iγ5~τ · ~π(x)], (II.8)
with m(x) ≡ m0 + σ(x). In what follows, we use
the method used in [9] to evaluate the effective action
Γeff[Φ(x)] in a derivative expansion up to second order.
To do this, let us assume a constant field configuration
Φ0 ≡ (σ0,0) that breaks the SUL(2f )×SUR(2f) chiral
symmetry of the original action in the chiral limit. We
then expand Φ(x) around this constant configuration,
Φ(x) = Φ0 + Φ¯(x). (II.9)
Plugging (II.9) into the effective action Γeff[Φ(x)], we
arrive first at
Γeff[Φ] = Γeff[Φ0]− 1
2
∫
ddx M2ij [Φ0]ϕ¯i(x)ϕ¯j(x)
+
1
2
∫
ddx χµνij [Φ0]∂µϕ¯i(x)∂ν ϕ¯j(x) + · · · ,(II.10)
where the summation over i, j = 0, · · · , 3 is skipped.
Here, the squared mass matrix M2ij and the kinetic
matrix χµνij are given by
M2ij [Φ0] ≡ −
∫
ddz
δ2Γeff
δϕi(0)δϕj(z)
∣∣∣∣
Φ0
, (II.11)
χµνij [Φ0] ≡ −
1
2
∫
ddzzµzν
δ2Γeff
δϕi(0)δϕj(z)
∣∣∣∣
Φ0
.(II.12)
Choosing, at this stage, the kinetic matrix χµνij , as in
[6, 9], in the form
χµνij [Φ] = (F
µν
1 )ij + 2F
µν
2
ϕiϕj
Φ2
, ∀i, j = 0, · · · , 3,
(II.13)
with Φ2 = σ2 + ~π2, and plugging (II.13) into (II.10),
the kinetic part of the effective action, Γkeff[Φ], will
then be given by Γk
eff
[Φ] =
∫
ddx Lk[Φ], where Lk[Φ]
is the part of the effective Lagrangian including only
two derivatives,
Lk = 1
2
(Fµν1 )ij∂µϕi∂νϕj +
Fµν2
Φ2
(ϕi∂µϕi) (ϕj∂νϕj) .
(II.14)
Here, according to (II.5), the fields ϕi, i = 1, · · · , 3
are identified by the meson fields σ and ~π. Following
the standard algebraic manipulations presented in [9],
the effective action of the two-flavor NJL model in-
cluding σ, ~π mesons, which is valid in a truncation of
the effective action up to two derivatives, reads
Γeff[σ, ~π] = Γeff[σ0]
−1
2
∫
ddx σ¯(x)
(
M2σ + Gµµ∂2µ
)
σ¯(x)
−1
2
3∑
ℓ=1
∫
ddx π¯ℓ(x)
(
M2~π + Fµµ∂2µ
)
ℓℓ
π¯ℓ(x). (II.15)
4
For a constant field configuration σ0, Γeff[σ0] is given
by Γeff[σ0] = −VΩeff, where V denotes the four-
dimensional space-time volume and Ωeff is the effec-
tive (thermodynamic) potential. In [9], the thermo-
dynamic potential of this model is derived at finite
temperature T , finite chemical potential µ, and in the
presence of constant magnetic field B. It reads
Ωeff(m;T, µ, eB) =
σ20
4G
+
B2
2
− 3
2π2
∑
q∈{ 23 ,−
1
3}
|qfeB|2
{
ζ′
(−1, xqf )+ x2qf4 + xqf2 (1− xqf ) lnxqf
}
+
3
4π2
{
m4 ln
(
Λ +
√
Λ2 +m2
m
)
− Λ(2Λ2 +m2)
√
Λ2 +m2
}
−3T
∑
qf∈{
2
3 ,−
1
3 }
|qf eB|
+∞∑
p=0
αp
∫ +∞
−∞
dp3
4π2
{
ln
(
1 + e−β(Eq+µ)
)
+ ln
(
1 + e−β(Eq−µ)
)}
. (II.16)
In a mean field approximation, the constant field
configuration Φ0 = (σ0,0) is supposed to minimize
the above thermodynamic potential Ωeff. In (II.16),
m = m0 + σ0, xqf ≡ m
2
2|qf eB|
, Λ is an appropriate
ultraviolet (UV) momentum cutoff and β ≡ T−1.
Moreover, ζ′(−1, xq) ≡ dζ(s,xq)ds
∣∣
s=1
, where ζ(s, a) ≡∑∞
p=0(a + p)
−s is the Riemann-Hurwitz ζ-function,
and αp ≡ 2 − δp,0 is the spin degeneracy factor. In
(II.16), Eq is the energy of charged fermions in a con-
stant magnetic field, which is given by
Eq ≡
√
p¯2q +m
2 =
√
2|qfeB|p+ p23 +m2. (II.17)
It arises from the solution of the Dirac equation in the
presence of a constant magnetic field using the Ritus
eigenfunction method [19]. Here, p¯q is the Ritus four-
momentum defined by
p¯q = (p0, 0,−sgn(qfeB)
√
2|qfeB|p, p3), (II.18)
where p = 0, 1, 2, · · · labels the Landau levels. Using
the standard definition (II.11), the squared mass ma-
trices of σ and ~π mesons, M2σ and (M
2
~π)ℓm, appearing
in (II.15), are defined by
M2σ ≡ −
∫
d4z
δ2Γeff
δσ(0)δσ(z)
∣∣∣∣
(σ0,0)
,
(M2~π)ℓm ≡ −
∫
d4z
δ2Γeff
δπℓ(0)δπm(z)
∣∣∣∣
(σ0,0)
, (II.19)
∀ℓ,m = 1, 2, 3. The nontrivial form factors Gµν and
Fµνℓm, appearing in (II.15), are combinations of the
form factors (Fµνα )ij , α = 1, 2, and i, j = 0, · · · , 3,
appearing in (II.13). They are defined by Gµν ≡[
(Fµν1 )00 + 2F
µν
2
]
and Fµνℓm ≡ 12
[
(Fµν1 )ℓm + (F
µν
1 )mℓ
]
.
They can be determined from the kinetic part of the
effective action Γk
eff
using
Gµν ≡ −1
2
∫
d4zzµzν
δ2Γkeff
δσ(0)δσ(z)
∣∣∣∣
(σ0,0)
,
Fµνℓm ≡ −
1
2
∫
d4zzµzν
δ2Γk
eff
δπℓ(0)δπm(z)
∣∣∣∣
(σ0,0)
, (II.20)
∀ℓ,m = 1, 2, 3. Note that, according to our results
in [9], the pion mass squared matrix (M2~π)ℓm and the
form factors Gµν and Fµνℓm have the following proper-
ties:
(M2~π)ℓm = −(M2~π)mℓ, and Fµνℓm = −Fµνmℓ, (II.21)
∀ℓ 6= m. Moreover, ∀ℓ,m = 1, 2, 3, Fµνℓm = Fµµℓmgµν .
The latter property is also shared by Gµν .
In the present paper, as in [9], we are mainly in-
terested in the properties of neutral σ and π0 mesons
in hot and magnetized quark matter. We therefore
identify the π3 meson with the neutral meson π
0. To
simplify the notations in the rest of this paper, we
will denote (M2~π)33 from (II.19) byM
2
π0 and Fµν33 from
(II.20) by Fµν . Plugging the effective action Γeff from
(II.6) and (II.7) in (II.19) and (II.20), the squared
mass matrices of neutral mesons, M2σ and M
2
π0 , as
well as the form factors Gµν and Fµν at zero (T, µ)
and in the presence of a background B field, are given
by
M2σ =
1
2G
− i
∫
d4ztrsfc
[
SQ(z, 0)SQ(0, z)
]
,
M2π0 =
1
2G
+ i
∫
d4ztrsfc
[
SQ(z, 0)τ3γ
5SQ(0, z)γ
5τ3
]
,
(II.22)
5
and
Gµν = − i
2
∫
d4zzµzνtrsfc
[
SQ(z, 0)SQ(0, z)
]
,
Fµν = i
2
∫
d4zzµzνtrsfc
[
SQ(z, 0)τ3γ
5SQ(0, z)γ
5τ3
]
.
(II.23)
Here, SQ(x, y) is the Ritus fermion propagator [9, 20],
SQ(x, y) = i
∞∑
p=0
∫
Dp˜ e−ip˜·(x−y)Pp(x1)D−1Q (p¯) Pp(y1),
(II.24)
with Dp˜ ≡ dp0dp2dp3(2π)3 , p˜ = (p0, 0, p2, p3), and p¯ is the
Ritus momentum,
p¯ = (p0, 0,−sQ
√
2|QeB|p, p3),
with sQ ≡ sgn(QeB).8 Having in mind that Q is a
diagonal matrix with the entries qf = {2/3,−1/3},
we will use s ≡ sgn(qfeB) for the elements of this
2× 2 matrix sQ. In (II.24),
Pp(x1) ≡ 1
2
[f+sp (x1) + Πpf
−s
p (x1)]
+
isQ
2
[f+sp (x1)−Πpf−sp (x1)]γ1γ2. (II.25)
Here, Πp ≡ 1 − δp,0 considers the spin degeneracy
in the lowest Landau level with p = 0. Moreover,
f±sp (x1) are defined by
f+sp (x1) ≡ φp
(
x1 − sQp2ℓ2B
)
, p = 0, 1, 2, · · · ,
f−sp (x1) ≡ φp−1
(
x1 − sQp2ℓ2B
)
, p = 1, 2, 3, · · · ,
(II.26)
where φp(x) is a function of Hermite polynomials
Hp(x) in the form
φp(x) ≡ ap exp
(
− x
2
2ℓ2B
)
Hp
(
x
ℓB
)
. (II.27)
Here, ap ≡ (2pp!√πℓB)−1/2 is the normalization fac-
tor and ℓB ≡ |QeB|−1/2 is the magnetic length.
In (II.24), DQ(p¯) ≡ γ · p¯Q − m, with p¯Q the Ri-
tus four-momentum from (II.18). Note that since
Q = diag (2/3,−1/3) is a 2 × 2 matrix in the flavor
space, building the trace in the flavor space is equiv-
alent to evaluating the sum over qf ∈ {2/3,−1/3}.
8 The notation Dp˜ appearing in (II.24), is used in a number
of our previous papers (see e.g., [9, 21] to denote the Ritus
measure of integration Dp˜ = dp0dp2dp3
(2π)3
. The symbol D is
not to be confused with D used normally in the measure of
the path integrals in quantum field theory, e.g., D appearing
in Dψ or Dψ¯ in (II.4).
In [9], the squared mass matrices of neutral bosons
(M2σ ,M
2
π0) as well as the nontrivial form factors
(Gµν ,Fµν), appearing in (II.15), are determined nu-
merically at finite (T, µ) and eB. To introduce T and
µ, we used the standard replacements
p0 = iωn − µ, and
∫
dp0
2π
→ iT
∑
n
, (II.28)
where ωn ≡ (2n+ 1)πT are the fermionic Matsubara
frequencies. As it turns out, at finite temperature and
zero magnetic field, the meson form factors satisfy
G00 = −G11 = −G22 = −G33,
F00 = −F11 = −F22 = −F33. (II.29)
For nonvanishing magnetic fields, however, they ex-
hibit a certain anisotropy arising from the explicit
breaking of Lorentz invariance by the background
magnetic field directed in the third direction,
G00 = −G33 6= G11 = G22,
F00 = −F33 6= F11 = F22. (II.30)
B. Pole and screening masses of neutral mesons
and their directional refraction indices:
A review of our previous numerical results
The effective action Γeff[σ, ~π] from (II.15) can be used
to determine the energy dispersion relations of neutral
σ and π0 mesons, which are generically denoted byM ,
E2M = u
(i)2
M q
2
i +m
2
M , M ∈ {σ, π0}. (II.31)
Here, u
(i)
M , i = 1, 2, 3 are the directional refraction in-
dices in the spatial i = 1, 2, 3 directions. They are
defined by
u(i)σ ≡
∣∣∣∣ ReGiiReG00
∣∣∣∣1/2, u(i)π0 ≡ ∣∣∣∣ ReF iiReF00
∣∣∣∣1/2. (II.32)
Moreover, mM is the neutral mesons’ pole mass given
by
mσ ≡
∣∣∣∣ReM2σReG00
∣∣∣∣1/2, mπ0 ≡ ∣∣∣∣ReM2π0ReF00
∣∣∣∣1/2.(II.33)
In the above relations, the squared mass matrices of
neutral mesons (M2σ ,M
2
π0), as well as form factorsGµν and Fµν , are defined in (II.19) as well as (II.20).
Combining the refraction indices (II.32) and the pole
masses (II.33), the screening masses of neutral mesons
are defined by
m
(i)
M =
mM
u
(i)
M
, for M ∈ {σ, π0}, and i = 1, 2, 3. (II.34)
In [9], we used (II.32)-(II.34) and determined the T
dependence of the neutral mesons’ pole and screening
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masses as well as their refraction indices for vanishing
and nonvanishing µ and eB. To do this, we first de-
termined the T dependence of σ0, the minima of the
thermodynamic potential Ωeff from (II.16). In Fig.
1, the T dependence of the constituent quark mass
m = m0 + σ0 is plotted for fixed µ = 0 MeV and
eB = 0, 0.2, 0.5 GeV2. We observe that, for a fixed
temperature, the constituent quark mass increases
with increasing eB. Moreover, it turns out that the
transition from the broken chiral symmetry phase,
withm 6= 0, to the normal phase, withm ≃ m0 ≈ 0, is
a smooth crossover, and for stronger magnetic fields
the transition to the normal phase occurs at higher
temperatures. All these effects are related to the phe-
nomenon of magnetic catalysis [5, 6], according to
which the constant magnetic field enhances the pro-
duction of the chiral condensate σ0 ∼ 〈ψ¯ψ〉, and there-
fore catalyzes the dynamical chiral symmetry break-
ing.
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FIG. 1: The T dependence of constituent quark mass m =
m0 + σ0 for fixed eB = 0, 0.2, 0.5 GeV
2 and fixed µ = 0.
Here, m0 ≃ 5 MeV is the bare quark mass and σ0 is the
chiral condensate.
To determinemσ andmπ0 , we further developed in [9]
the necessary technique to analytically evaluate the
integrals (II.22) and (II.23) up to an integration over
the p3 momentum and a summation over Landau lev-
els and eventually performed them numerically. In
Fig. 2, the T dependence of mσ and mπℓ , ℓ = 1, 2, 3
is plotted for vanishing µ and eB. The free param-
eters of the theory, m0,Λ and G, are chosen so that
they reproduce the pion mass mπ = 137.7 MeV and
mσ ≃ 824.3 MeV, for vanishing (T, µ) and eB (see
[9] and Sec. IV for more details). As it turns out,
for eB = 0, the pion masses are degenerate, i.e.,
mπ1 = mπ2 = mπ3 . In the chirally broken phase, the
temperature dependence of pions, m~π, is very weak.
This is because, in this phase, the pions play the role
of pseudo-Goldstone modes. In the symmetry restored
phase, however, pions are no longer bound states but
only qq¯ resonances [22]. In other words, they are ex-
pected to decay into (free) quarks and antiquarks.
This can only happen when mπ increases with the
temperature so that mπ ≃ 2m (see below for the defi-
nition of Mott temperature at which mπ = 2m). This
is why, for temperatures larger than the crossover tem-
perature, mπ increases with increasing T .
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For nonvanishing eB, as it turns out, the pion masses
are not degenerate anymore. We have mπ0 6= mπ+ =
mπ− . Here, the global SU(2f) symmetry breaks to
a global U(1) symmetry, where up and down quarks,
because of their opposite electric charges, rotate with
opposite angles. Thus, in the U(1) symmetry broken
phase and in the chiral limit, whereas charged pions
become massive, the neutral pion is the only possible
massless Goldstone mode [23]. As we have shown in
[9], for eB 6= 0, the T dependence of the neutral pion
mass exhibits the same behavior as m~π(T ) for eB = 0
(see also Figs. 2 and 3).
As concerns the σ-meson mass, in the symmetry
broken phase, mσ is large (m
2
σ = 4m
2 +m2π for eB =
0) and drops when approaching the crossover tempera-
ture [22]. In the crossover region, the σ meson dissoci-
ates into two pions (see below). For eB = 0, a possible
explanation for this effect is provided in [24]. Here, it
is shown that the σ dissociation in the crossover region
is due to the occurrence of an s-channel pole in the
scattering amplitude of the π+ π → π+ π scattering,
in a process where a σ meson is coupled to the exter-
nal pions via quark triangles (see e.g., [22, 24] for more
details). For eB 6= 0, according to our results, the T
dependence of the σ-meson mass is the same asmσ(T )
for eB = 0 [see Fig. 3(a) and, in particular, Fig. 9(a)-
(c) in [9] for more details]. Whether this behavior for
eB 6= 0 is also related to the appearance of a certain
pole in the ππ-scattering amplitude is an open ques-
tion, which shall be investigated in the future. In the
chirally restored phase mσ and m~π, become degener-
ate and increase with increasing T . These results are
in agreement with the results for eB = 0 and T 6= 0
recently presented in [22], where a possible definition
of the crossover temperature is also provided. The
latter is given by two characteristic temperatures, the
σ-dissociation temperature Tdiss., defined by
mσ(Tdiss.) = 2mπ(Tdiss.), (II.35)
and the Mott temperature TMott, defined by
mπ(TMott) = 2m(TMott). (II.36)
These temperatures were originally introduced in [24].
According to [22, 24], for T < Tdiss., the σ meson can
decay into two pions, and for T > TMott, the pion de-
cays into a constituent quark and antiquark; i.e., it is
no longer a bound state [22]. In the chiral limit, both
9 In the present paper, as in [9], we mainly focus on the masses
of neutral σ and π0 mesons. The (T, µ, eB) dependence of
mπ0 is studied in detail in [9].
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temperatures are equal to the critical temperature of
the chiral phase transition Tc. In Table I, we have
listed Tdiss. as well as TMott for eB = 0, 0.03, 0.2, 0.3, 0.5
GeV2 and for our set of parameters.
eB in GeV2 Tdiss. in MeV TMott in MeV
0 175 190
0.03 175 190
0.2 193 205
0.3 206 210
0.5 250 255
TABLE I: The σ dissociation and Mott temperatures,
Tdiss. and TMott, defined in (II.35) and (II.36), for van-
ishing and nonvanishing eB and for our set of parameters,
m0 = 0.005 GeV, Λ = 0.6643 GeV and G = 4.668 GeV
−2.
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FIG. 2: The T dependence of σ and ~π meson masses is
demonstrated at µ = 0 and for a vanishing magnetic field
(solid line for mσ and dashed line for m~π). Comparing
these curves with the T dependence of the constituent
quark mass m = m0 + σ0 (dotted line) shows that a mass
degeneracy between mσ and m~π occurs in the chirally re-
stored phase T > 220 MeV.
Comparing Tdiss. and TMott for different nonvanish-
ing eB in Table I, it seems that the crossover re-
gion is shifted to higher temperatures for increasing
eB. In the chiral limit, where Tdiss. = TMott = Tc,
as mentioned above, this would mean that the crit-
ical temperature increases with increasing eB. This
phenomenon is related to the magnetic catalysis of
dynamical chiral symmetry breaking in the presence
of external magnetic fields. Recent lattice results [25]
show, however, a certain discrepancy with this conclu-
sion. As it is shown in [25], for certain eB, the crit-
ical temperature decreases with increasing eB. This
shows that the m dependence of Tc is indeed not triv-
ial. There are a number of attempts in the literature
to resolve this disagreement [26, 27], and to explain
the so-called inverse magnetic catalysis [28]. Note,
that, to the best of our knowledge, inverse magnetic
catalysis was first observed in [29] within a two-flavor
NJL model. In one of our previous papers [30], we
have also plotted the T -eB phase diagram for differ-
ent fixed chemical potential µ. As it is shown in Fig.
14(a) and (b) of [30] (see also Fig. 2 in [9]), there are
some regions in eB in which Tc decreases with increas-
ing eB and the inverse magnetic catalysis occurs.
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FIG. 3: The T dependence of mσ [panel (a)] and mπ0
[panel (b)] is plotted for eB = 0.03, 0.2, 0.3 GeV2 and µ =
0 MeV.
In Fig. 3, the T dependence of mσ [Fig. 3(a)]
and mπ0 [Fig. 3(b)] are plotted for fixed µ and
eB = 0.03, 0.2, 0.3 GeV2. At a fixed temperature be-
low (above) the crossover region, the σ-meson mass
increases (decreases) with increasing eB. In contrast,
mπ0 decreases with increasing eB in both symmetry
broken and restored phases. The qualitative behav-
ior of the T dependence of mσ and mπ0 for µ = 0
remains unchanged for zero and nonzero eB (see Fig.
9 in [9], where the T dependence of mσ and mπ0 is
compared). In particular, mσ and mπ0 are degenerate
in the symmetry restored phase T > 220 MeV.
Let us finally consider the directional refraction
indices of neutral mesons, u
(i)
M ,M ∈ {σ, π0}, that ap-
pear in the energy dispersion relation (II.31). They
are defined in (II.32). In what follows, we will briefly
review the results appearing first in our previous pa-
per [9] for eB 6= 0 and T 6= 0. In Fig. 4, the T
dependence of u
(i)
M is plotted for fixed µ = 0 and non-
vanishing eB = 0.03, 0.2, 0.3 GeV2. For eB 6= 0, the
refraction indices of σ and π0 mesons in the longi-
tudinal direction with respect to the direction of the
external magnetic field turn out to be equal to unity,
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FIG. 4: The T dependence of the transverse and longitudi-
nal refraction indices of σ [panel (a)] and π0 mesons [panel
(b)] is plotted for various eB. The longitudinal refraction
index of neutral mesons is equal to unity and independent
of T (red dashed lines). In contrast, the transverse re-
fraction index of neutral mesons is larger than unity and
decreases with increasing eB. For a B field directed in the
third direction, utrans ≡ u
(1)
M = u
(2)
M and ulong ≡ u
(3)
M for
M ∈ {σ, π0}.
independent of T and µ (see the red dashed lines in
Figs. 4(a) and (b)]. In the transverse directions, how-
ever, the refraction indices of neutral mesons, utransσ
and utransπ0 , are T dependent and always larger than
unity. It seems that, in the directions perpendicular
to the direction of the external magnetic field, the neu-
tral mesons move with a speed larger than the speed of
light c. But, this is simply not true. Let us emphasize
that, according to the dispersion relation (II.31), this
conclusion is only valid for massless mesons, where di-
rectional group velocities coincide with u
(i)
M defined in
(II.32). Our mesons are, however, massive,10 and the
fact that the transverse refraction index is larger than
unity does not naturally lead to superluminal propa-
gation. Having this in mind, the natural question is
what are the consequences of utransσ > 1 and u
trans
π0 > 1?
One of our main motivations in this paper, is to an-
swer this interesting question. In the next section, we
will show that directional refraction indices play an
10 We do not neglect m0 in our computations. The original
theory is therefore nonchiral. Consequently, the neutral pion
is not a massless Goldstone mode of the theory, even in the
chirally broken phase.
important role in the low energy relations of neutral
and massive pions, once we have a medium at T 6= 0
and/or eB 6= 0. But, before coming to this, let us
consider again the plots in Fig. 4. As it turns out, for
a fixed temperature, utransM ,M ∈ {σ, π0} decrease with
increasing eB. This effect is strongly related to the
dynamics of fermions in an external magnetic field.
As it is stated in [6], for very large magnetic fields,
the motion of charged fermions is restricted in direc-
tions perpendicular to the magnetic field. A dimen-
sional reduction from 3 + 1 to 1 + 1 dimensions oc-
curs in the presence of very strong magnetic fields.
Naively, one would expect that the properties of σ
and π0 mesons are not affected by external magnetic
fields, simply because they are neutral. But, as is also
argued in our previous paper [9], the way we have in-
troduced the background magnetic field in the original
Lagrangian (II.1) and the semibosonized Lagrangian
(II.3) shows that the effects of the external magnetic
field on neutral mesons arise mainly from its inter-
action with the constituent quarks of these mesonic
bound states. According to this argument, the be-
havior of utransM ,M ∈ {σ, π0} for fixed T and with in-
creasing eB is a realization of the well-established di-
mensional reduction, appearing mainly in the lowest
Landau level (LLL). Note that by increasing the mag-
netic field strength, the effect of higher Landau lev-
els can be neglected, and the dynamics of fermions is
solely determined by LLL, where the above-mentioned
dimensional reduction occurs. This is the reason why
at a fixed temperature utransM ,M ∈ {σ, π0} decrease
with increasing eB. The same property occurs at zero
temperature, where the transverse velocity of neutral
pions is determined within an effective chiral model in
the LLL approximation [27].
Coming back to the plots of Fig. 4, it turns out
that for fixed eB, utransσ decreases with increasing T ,
while utransπ0 increases with increasing T . The same be-
havior is also observed for the T dependence of the
mass of neutral mesons mσ and mπ0 for a fixed eB
(see Fig. 2). In this paper, we do not intend to de-
scribe the nontrivial relation between utransM and mM ,
withM ∈ {σ, π0}. All we want to do is use the neutral
pions’ directional refraction indices, and study the low
energy GT and GOR relations satisfied by these neu-
tral and massive pions. To do this, we will first modify,
in the next section, the PCAC relation and prove the
GT and GOR relations for T 6= 0 and/or eB 6= 0 in a
model-independent way. In Sec. IV, we will then use
the numerical data from the present section to prove
the GT and GOR relations in a two-flavor magnetized
NJL model at finite T . We will show, in particular,
the role played by pions’ directional refraction indices
in satisfying these relations.
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III. DIRECTIONAL WEAK DECAY
CONSTANT OF PIONS IN RANDOM PHASE
APPROXIMATION
It is known that finite temperature and/or constant
magnetic fields explicitly break the relativistic invari-
ance. One of the main consequences of this explicit
Lorentz symmetry breaking is that the massive free
particles satisfy nontrivial anisotropic energy disper-
sion relations, including nontrivial directional energy
refraction indices. As concerns the massive neutral pi-
ons, the anisotropic energy dispersion relation is given
by (II.31) with M = π0. Whereas at T = eB = 0
all refraction indices are equal to unity, at T 6= 0
and eB = 0, a single refraction index is defined by
u = u
(1)
π0 = u
(2)
π0 = u
(3)
π0 , and at T 6= 0 and eB 6= 0, we
have u
(1)
π0 = u
(2)
π0 6= u(3)π0 .
It is the purpose of this paper to determine the
weak decay constant of neutral pions, fπ, at T 6= 0
and eB 6= 0. To do this, we will generalize in this
section the method presented in [3, 31], where fπ is
computed at zero T and eB using a multiflavor NJL
model. To do this, we will first review in Sec. III A the
method presented in [3, 31], by assuming that pions
satisfy ordinary isotropic energy dispersion relations
E2π = q
2
i +m
2
π. Combining the usual PCAC relation
and the Feynman integral corresponding to a one-
pion-to-vacuum matrix element in a random phase
approximation (RPA), we arrive at the main relation
leading to fπ at zero (T, µ, eB). As a by-product the
quark-pion coupling constant gqqπ will also be defined
in terms of a quark-antiquark polarization loop, in the
pion channel. In [3], it is argued that in the chiral limit
m0 → 0, fπ and gqqπ satisfy the GT and GOR rela-
tions. We will review the method presented in [31],
where these relations are proved in the leading and
next-to-leading order 1/Nc expansion.
In Sec. III B, we will then generalize the arguments
in [3, 31] for free pions satisfying the anisotropic en-
ergy dispersion relation, E2πℓ = u
(i)2
πℓ q
2
i + m
2
πℓ
. To
do this, we will first define the directional quark-
pion coupling constant g
(µ)
qqπℓ , µ = 0, · · · , 3, in terms
of nontrivial form factors Fµνℓℓ and refraction indices
u
(µ)
πℓ = (1, u
(i)
πℓ ). We will then introduce a modified
PCAC relation including Fµνℓℓ , the directional refrac-
tion indices u
(µ)
πℓ and a dimensionful proportionality
factor fb. The directional decay constant of pions,
f
(µ)
πℓ , is then defined by combining Fµνℓℓ and fb. Fol-
lowing the same method as in Sec. III A, we will even-
tually arrive at the main relation leading to f
(µ)
πℓ . We
will show that f
(µ)
πℓ and g
(µ)
qqπℓ satisfy modified GT and
GOR relations.
= +
FIG. 5: The Schwinger-Dyson gap equation for the quark
propagator in the four-fermi NJL model in the Hartree
approximation. The bare (dressed) propagator is denoted
by thin (thick) lines.
A. Quark-pion coupling constant and pion decay
constant from an isotropic energy dispersion
relation
Let us start with the Lagrangian density (II.1) of a
two-flavor NJL model with Aext.µ = 0. As we have men-
tioned in the previous section, for sufficiently strong
G, this model exhibits, in the chiral limit m0 → 0, a
dynamical mass generation. The resulting mass gap
is determined via minimizing the effective (thermo-
dynamic) potential (free energy), in a mean field ap-
proximation. Equivalently, it is given by solving the
corresponding Schwinger-Dyson (SD) equation for the
quark propagator. In the Hartree approximation, the
constituent quark mass m is given by
m = m0 +ΣH , (III.1)
where m0 is the bare quark mass and ΣH is the self-
energy of quarks within the four-Fermi NJL model. In
the lowest order perturbative expansion, Eq. (III.1)
reduces to m = m0 + σ0, where σ0 = −2G〈ψ¯ψ〉 is
the quark condensate. This is also consistent with
the diagrammatic representation of the SD equation,
presented in Fig. 5. The SD relation leads to
m = m0 + σ0 ≡ m0 + 2iG
∫
d4p
(2π)4
trsfcS(p). (III.2)
Here, S(p) = (γ · p−m)−1 is the dressed quark prop-
agator. The nontrivial solution of the above integral
equation leads to a mass gap ∆E = 2m in the quark
spectrum.
Similarly, mesons are described via a Bethe-
Salpeter (BS) equation. In Fig. 6, the BS equation for
quark-antiquark scattering is demonstrated in RPA.
In this approximation, the quark-antiquark scattering
matrix
TM (q
2) =
2G
1− 2GΠM (q2) , (III.3)
is given in terms of the quark-antiquark polarization
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ΠM (q
2) in the M ∈ {σ, π} channel
ΠM (q
2) = i
∫
d4x trsfc
[
ΓMS(x)ΓMS(−x)
]
eiq·x.
(III.4)
Here, Γσ = 1 and Γπa = iγ5τa. The scattering ma-
trix TM (q
2) can equivalently be written as an effective
meson exchange between the external quark-antiquark
legs [see the left-hand side (l.h.s.) of the relation ap-
pearing in Fig. 6],
TM (q
2) = − g
2
qqM
q2 −m2M
, (III.5)
where gqqM is the quark-meson coupling constant and
mM is the meson pole mass. Note that the denom-
inator in (III.5) reflects the isotropic meson energy
dispersion relation
E2M = q
2
i +m
2
M , for M ∈ {σ, ~π}. (III.6)
Equating TM (q
2) from (III.3) with (III.5) leads to
the definition of the quark-meson coupling constant
in terms of ΠM (q
2),
g−2qqM =
dΠM
dq2
∣∣∣∣
q2=m2
M
, (III.7)
as well as
1− 2GΠM (q2 = m2M ) = 0, (III.8)
which is equivalently given by [31]
2GΠM (q
2 = 0) =
σ0
m
→ 1, for m0 → 0. (III.9)
As it is argued in [31], relations (III.8) and (III.9)
are consistent with Hartree approximation (III.1) as
well as the RPA scheme. To determine the pion de-
cay constant fπ, we consider the one-pion-to-vacuum
= +
FIG. 6: The Bethe-Salpeter equation for quark-antiquark
scattering in RPA [3]. The double lines denote the meson
propagator −(q2 − m2M )
−1 appearing in (III.5), and the
solid lines indicate the dressed quark propagators S(p) =
(γ ·p−m)−1, including the constituent quark mass m. Fat
vertices denote the quark-meson coupling constant defined
in (III.7).
Jaµ,5 pib
q
FIG. 7: One-pion-to-vacuum matrix element,
〈0|Jaµ,5(0)|π
b(q)〉, in RPA, leading to pion decay constant.
Here, Jaµ,5 ≡ ψ¯γµγ5λ
aψ is the axial vector current, with
λa ≡ τa/2. The solid lines are the dressed quark propaga-
tor, S(p) = (γ · p−m)−1, including the constituent quark
mass m. The quark-pion coupling gqqπa (fat vertex) is
given in (III.7).
matrix element 〈0|Jaµ,5(0)|πb(q)〉, which satisfies the
usual PCAC relation11
〈0|Jaµ,5(0)|πb(q)〉 = fπqµδab. (III.10)
Here, Jaµ,5 ≡ ψ¯γµγ5λaψ with λa ≡ τa/2 is the axial
vector current of an axial SU(2f) global transforma-
tion. The matrix element appearing on the r.h.s. of
(III.10) is demonstrated diagrammatically in Fig. 7.
Note that in RPA, the quark propagator appearing in
the quark-antiquark loop in Fig. 7 is the dressed quark
propagator S(p) = (γ · p −m)−1, including the con-
stituent quark mass m. Combining the PCAC rela-
tion (III.10) and the Feynman integral corresponding
to the one-pion-to-vacuum amplitude demonstrated in
Fig. 7, we arrive at
fπqµδ
ab = gqqπΥ
ab
µ (q), (III.11)
with
Υabµ (q) ≡ i
∫
d4x trsfc
[
γµγ5λ
aS(x)γ5τ
bS(−x)]eiq·x.
(III.12)
Contracting (III.11) with qµ and using the energy dis-
persion relation (pion on-mass-shell condition) q2 =
m2π, we arrive finally at fπ in terms of gqqπ and Υ
ab
µ (q).
As it is shown in [31], fπ satisfies the GT relation
gqqπfπ = m+O(m20), (III.13)
and the GOR relation
m2πf
2
π =
m0σ0
2G
+O(m20), (III.14)
11 For eB = 0, because of the Lorentz and isospin symmetry
of the original Lagrangian, there is no difference between the
properties of different species of pions πℓ, ℓ = 1, 2, 3. In so
far, we will skip the indices ℓ = 1, 2, 3 on πℓ as long as these
symmetries hold.
11
up to second order inm0. Let us emphasize again that
the isotropic energy dispersion relation (III.6) plays
an important role in proving (III.13) and (III.14) (see
[31] for more details). In the next section, we will
show how the above relations shall be modified, when
we start from a nontrivial anisotropic energy disper-
sion relation q20 = u
(i)2
πℓ q
2
i +m
2
πℓ for free πℓ, ℓ = 1, 2, 3
mesons. In Sec. IV, we will use the results arising from
this general consideration to determine the directional
quark-pion coupling constant and decay constant for
neutral pions in a hot and magnetized medium.
B. Directional quark-pion coupling constant and
pion decay constant from an anisotropic energy
dispersion relation
Let us consider the Lagrangian density
Lπℓ = −
1
2
Πℓ(x)
(
m2πℓ + g
µµu(µ)2πℓ ∂
2
µ
)
Πℓ(x), (III.15)
for each pion species πℓ, ℓ = 1, 2, 3. The above La-
grangian density is comparable to the Lagrangian of
pion fields appearing in the effective action (II.15) for
free mesons and leads to a nontrivial anisotropic en-
ergy dispersion relation
E2πℓ = u
(i)2
πℓ
q2i +m
2
πℓ
, ∀ℓ = 1, 2, 3, (III.16)
similar to (II.31). In (III.15), we have introduced the
“normalized” pion field Πℓ(x) ≡ |F00ℓℓ |1/2πℓ(x), where
the form factors F00ℓℓ appear in the effective action
(II.15). Moreover, in analogy to (II.32) and (II.33),
the mass mπℓ and a four-vector for the refraction in-
dex, u
(µ)
πℓ , for each pion species ℓ = 1, 2, 3, are defined
by the pion mass squared matrixM2πℓ and form factorsFµνℓℓ ,
mπℓ ≡
∣∣∣∣M2πℓF00ℓℓ
∣∣∣∣1/2, u(µ)πℓ ≡ (1, u(i)πℓ ) = ∣∣∣∣FµµℓℓF00ℓℓ
∣∣∣∣1/2.
(III.17)
Using Lπℓ from (III.15), the pion propagator
Dπℓ(x, y) ≡ 〈0|T (πℓ(x)πℓ(y)) |0〉 in the momentum
space reads
D˜πℓ(q) = −
|F00ℓℓ |−1
q20 − u(i)2πℓ q2i −m2πℓ
. (III.18)
The metric g = diag(1,−1,−1,−1). In contrast to
(III.5), the denominator reflects the anisotropic pion
on-mass-shell condition
q20 − u(i)2πℓ q2i = m2πℓ , ∀ℓ = 1, 2, 3, (III.19)
including the directional refraction indices u
(i)
πℓ . The
factor |F00ℓℓ |−1 in (III.18) arises from the normalization
of pion fields, as the pion propagator can equivalently
be defined by DΠℓ(x, y) ≡ 〈0|T (Πℓ(x)Πℓ(y)) |0〉 with
DΠℓ = |F00ℓℓ |Dπℓ . Using (III.18), the quark-antiquark
scattering amplitude TM (q
2) from (III.5) withM = πℓ
is then modified as
Tπℓ(q
2) = − g
2
qqπℓ |F00ℓℓ |−1
gµµu
(µ)2
πℓ q
2
µ −m2πℓ
. (III.20)
Combining the “bare” quark-pion coupling constant
gqqπℓ and the normalization parameter (form factor)
|F00ℓℓ | appearing also in the definition of normalized
pion fields, a “normalized” coupling constant gqqΠℓ is
defined as
gqqΠℓ ≡ gqqπℓ |F00ℓℓ |−1/2. (III.21)
Equating, at this stage, Tπℓ(q
2) from (III.20) and
the quark-antiquark scattering amplitude from (III.3)
with M = πℓ, we arrive first at
gµµ
dΠπℓ(q
2)
dq2µ
∣∣∣∣
q˜πℓ=(mπℓ ,0)
= u(µ)2πℓ |F00ℓℓ |g−2qqπℓ , (III.22)
∀µ = 0, · · · , 3 and ∀ℓ = 1, 2, 3. Note that in contrast
to (III.7), the expression on the l.h.s. of (III.22) is to
be evaluated in the rest frame of ℓth pion species, i.e.
in q˜πℓ = (mπℓ ,0). Defining, at this stage, a directional
quark-pion coupling constant g
(µ)
qqπℓ by(
g(µ)qqπℓ(q˜πℓ)
)−2 ≡ gµµ dΠπℓ(q2)
dq2µ
∣∣∣∣
q˜πℓ=(mπℓ ,0)
, (III.23)
plugging this definition into the l.h.s. of (III.22), and
using (III.17), we get
g(µ)qqπℓ = gqqπℓ |Fµµℓℓ |−1/2. (III.24)
Similarly, the directional quark-sigma meson coupling
constant is defined by
(
g(µ)qqσ(q˜σ)
)−2 ≡ gµµ dΠσ(q2)
dq2µ
∣∣∣∣
q˜σ=(mσ,0)
. (III.25)
It satisfies
g(µ)qqσ = gqqσ |Gµµ|−1/2. (III.26)
As it turns out, the directional coupling constant g
(µ)
qqπℓ
from (III.23) plays a crucial role in the definition of the
directional weak decay constant of pions. This is de-
termined by introducing the modified PCAC relation,
which shall replace (III.10), whenever pions satisfy the
anisotropic energy dispersion relation (III.16),
〈0|Jℓµ,5(0)|Πm(q)〉 = fℓ|F00ℓℓ |1/2u(µ)2πℓ qµδℓm, (III.27)
∀µ = 0, · · · , 3 and ∀ℓ,m = 1, 2, 3. Here, fℓ is an
unknown dimensionful constant, which depends on
(T, µ, eB), whenever they are nonvanishing. Later,
we will show that, for neutral pions in the chiral limit
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m0 → 0, f3 = σ0, where σ0 is the chiral conden-
sate. For nonvanishing m0, we get f3 = m, where
m = m0 + σ0. Note that in the chiral limit, where
pions are (massless) Goldstone bosons, Eq. (III.27)
leads to
0 = 〈0|∂µJℓµ,5(0)|Πm(q)〉 = fℓ|F00ℓℓ |1/2m2πℓδℓm, (III.28)
in accordance with the Goldstone theorem. Here, the
pion on-mass-shell condition (III.19) and the axial
SU(2f) invariance, ∂
µJℓµ,5(x) = 0, are used. Using
the Feynman diagram appearing in Fig. 7 for normal-
ized pion fields, Πℓ, the one-pion-to-vacuum matrix
element 〈0|Jℓµ,5(0)|Πm(q)〉 on the l.h.s. of (III.27) is
given by
〈0|Jℓµ,5(0)|Πm(q)〉 = gqqΠℓΥℓmµ (q), (III.29)
where gqqΠℓ and Υ
ℓm(q) are given in (III.21) and
(III.12), respectively. Relation (III.29) leads, upon us-
ing (III.21) and (III.24), as well as the modified PCAC
relation (III.27), to
f (µ)πℓ qµδ
ℓm = g(µ)qqπℓΥ
ℓm
µ (q), (III.30)
∀µ = 0, · · · , 3 and ∀ℓ,m = 1, 2, 3. Here, the direc-
tional pion decay constant f
(µ)
πℓ for the ℓth pion species
is defined by
f (µ)πℓ ≡ fℓ|Fµµℓℓ |1/2. (III.31)
In the next section, we will use (III.30) to determine
f
(µ)
π0 for µ = 0, · · · , 3.
Similar to the previous section, the directional
quark-pion coupling and decay constants satisfy the
modified GT and GOR relations,
f (µ)πℓ g
(µ)
qqπℓ = m+O(m20), (III.32)
and
m2πℓf
(µ)2
πℓ = u
(µ)2
πℓ
m0σ0
2G
+O(m20), (III.33)
where u
(µ)
πℓ is defined in (III.17). To prove these rela-
tions, we generalize the method described in [31] for
the case when pions satisfy nontrivial, anisotropic en-
ergy dispersion relation (III.16).
As concerns (III.32), let us consider the modified
PCAC relation (III.27) and combine it with (III.29).
Differentiating the l.h.s. of (III.27) and using [3]
3∑
µ=0
qµΥℓℓµ (q) = m[Ππℓ(q
2)−Ππℓ(0)], (III.34)
with the quark-antiquark polarization, Ππℓ(q
2) from
(III.4), and Υℓmµ = Υ
ℓℓ
µ δ
ℓm from (III.12), we first get
fℓ|F00ℓℓ |m2πℓ = mgqqπℓ [Ππℓ(q2)−Ππℓ(0)]. (III.35)
Expanding Ππℓ(q
2) on the r.h.s. of the above relation
around q = 0, and evaluating the resulting expression
at q˜πℓ , we obtain
fℓ|F00ℓℓ | = mgqqπℓ
dΠπℓ
dq20
∣∣∣∣
q˜πℓ=(mπℓ ,0)
+O(m4πℓ),(III.36)
which leads, upon using (III.22) for µ = 0, to
gqqπℓfℓ = m+O(m20). (III.37)
Plugging (III.24) as well as (III.31) into (III.37), we
arrive finally at the GT relation (III.32), including
directional quark-pion coupling and pion decay con-
stants. To show the GOR relation (III.33), we use
(III.8) in a slightly modified form,
1− 2GΠπℓ(q˜πℓ = (mπℓ ,0)) = 0. (III.38)
This relation arises, similarly to (III.8), by equating
(III.20) and (III.3) withM = πℓ. Expanding the l.h.s.
of (III.38) around q2 = 0 and evaluating the resulting
expression at q˜πℓ = (mπℓ ,0), we get first
0 = 1− 2GΠπℓ(0)− 2Gm2π
dΠπℓ(q
2)
dq20
∣∣∣∣
q˜πℓ=(mπℓ ,0)
+O(m4πℓ), (III.39)
which yields
m2πℓ =
g2qqπℓm0
2Gm|F00ℓℓ |
+O(m4πℓ). (III.40)
Here, Eq. (III.9) and the definition of g
(µ)
qqπℓ from
(III.23) are used. Plugging further the GT relation
(III.37) and (III.31), as well as the definition of u
(µ)2
πℓ
from (III.17) into the r.h.s. of (III.40), we arrive fi-
nally at the modified GOR relation (III.33), including
f
(µ)
πℓ .
As it turns out, whereas (III.34) plays an impor-
tant role in proving (III.13) and (III.14), it is not so
crucial to derive (III.32) and (III.33). In the next
section, we will first use the above results to derive
a number of analytical expressions for the directional
quark-pion coupling and decay constants for neutral
pions. Using these expressions, together with the
modified PCAC relation (III.27), we will then analyt-
ically prove the GT and GOR relations (III.32) and
(III.33), without using (III.34). We will then verify
these low energy relations for neutral pions numeri-
cally and eventually present numerical results for g
(µ)
qqπ0
and f
(µ)
π0 .
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IV. DIRECTIONAL QUARK-PION
COUPLING AND PION DECAY CONSTANTS
AT FINITE (T, µ, eB)
A. Analytical results
1. Directional quark-meson couplings for neutral mesons
Let us consider the quark-antiquark polarization
ΠM (q
2) from (III.4) in the M ∈ {σ, π0} channel.
In the presence of an external magnetic field the
fermion propagators S(x) appearing in (III.4) are to
be replaced by Ritus propagators, SQ(x) from (II.24)-
(II.27). Plugging (II.24) into (III.4), we arrive first
at
ΠM (q)
= i
∞∑
p,k=0
∫
Dp˜ Dk˜
∫
d4x e−i(p˜−k˜−q)·xΛMpk(p¯, k¯, x1),
(IV.1)
where
ΛMpk(p¯, k¯, x1) = trsfc
[
ΓMPp(x1)SQ(p¯)Pp(0)ΓM
×Kk(0)SQ(k¯)Kk(x1)
]
. (IV.2)
Here, Γσ = 1 and Γπ0 = iγ5τ
3, and τ3 = diag(1,−1)
is the third Pauli matrix. The momenta p˜ and p¯
are defined below (II.24). In (IV.1), integrating first
over x0, x2, x3 and then over p0, p2, p3 components,
we arrive at the boundary conditions pi = ki + qi for
i = 0, 2, 3. In what follows, we will abbreviate these
boundary conditions by a subscript “b.c.” Plugging
Pp(x1) from (II.25) into (IV.2), we arrive first at
ΠM (q) = i
∞∑
p,k=0
∫
dk0dk3
(2π)3
×
∫
dk2dx1 e
−iq1x1ΛMpk(p¯, k¯, x1)
∣∣∣∣
b.c.
, (IV.3)
with
ΛMpk(p¯, k¯, x1) = −12
∑
qf
{
k¯.p¯+ κMm
2
(p¯2 −m2)(k¯2 −m2) [A
+(0)
pk α
+
pk +A
−(0)
pk α
−
pk] +
2p¯2k¯2
(p¯2 −m2)(k¯2 −m2)A
−(0)
pk α
−
pk
}
, (IV.4)
where κπ0 = −1 and κσ = 1. From the decomposition
Pp(0)Kk(0) ≡ α+pk(p2, k2) + isγ1γ2α−(p2, k2),
Kk(x1)Pp(x1) ≡ A+(0)pk (x1) + isγ1γ2A−(0)pk (x1),
(IV.5)
we have
α
±(0)
pk (p2, k2) ≡
1
2
[
f+sp (0)f
+s
k (0)
±ΠpΠkf−sp (0)f−sk (0)
]
, (IV.6)
and
A
±(0)
pk (x1) ≡
1
2
[
f+sp (x1)f
+s
k (x1)
±ΠpΠkf−sp (x1)f−sk (x1)
]
. (IV.7)
In (IV.4), the summation over qf ∈ {2/3,−1/3} re-
places the trace in the flavor space. Moreover, we
set Nc = 3. In what follows, we will use ΠM (q
2)
from (IV.3) to derive the directional quark-meson cou-
pling g
(µ)
qqM ,M ∈ {σ, π0} in the direction longitudi-
nal, µ = (0, 3), and transverse, µ = (1, 2), with re-
spect to the direction of the external magnetic field.
Here, the definitions (III.23) with ℓ = 3 and (III.25),
for
(
g
(µ)
qqM (q˜M )
)−2
,M ∈ {π0, σ} in the rest frame of
mesons q˜M ≡ (mM ,0), will be used.
Using ΠM (q) from (IV.3) and plugging
ΛMpk(p¯, k¯, x1) from (IV.4) in
(
g
(µ)
qqM (q˜M )
)−2
= i
∞∑
p,k=0
∫
dk0dk3
(2π)3
∫
dk2dx1
×gµµ d
dq2µ
[
e−iq1x1ΛMpk(p¯, k¯, x1)
]∣∣∣∣
q˜M ,b.c.
, (IV.8)
which arises from (III.23) and (III.25), choosing µ = 0,
and eventually using
∫
dk2dx1A
−(0)
pk α
−
pk
∣∣∣∣
p2=k2
=
1
4
|qfeB|δp,kδk,0, (IV.9)
as well as
∫
dk2dx1
[
A
+(0)
pk α
+
pk +A
−(0)
pk α
−
pk
]∣∣∣∣
p2=k2
=
1
2
|qfeB|αkδp,k, (IV.10)
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we arrive first at
(
g
(0)
qqM (q˜M )
)−2
= 6i
∑
qf
|qfeB|
∞∑
k=0
αk
∫ 1
0
dx x(1− x)
×
∫
dk0dk3
(2π)3
{
3
(k¯2 + x(1 − x)m2M −m2)2
− 4ΞM (x)
(k¯2 + x(1 − x)m2M −m2)3
}
, (IV.11)
with
Ξπ0(x) ≡ x(1− x)m2π0 ,
Ξσ(x) ≡ x(1− x)m2σ −m2, (IV.12)
for a nonzero magnetic field and at T = µ = 0. In the
above relations k¯2 = k2‖−2|qfeB|k with k2‖ = k20−k23 .
To derive (IV.9) and (IV.10), we use the same tech-
nique, developed in [9] (A number of useful relations,
that can be used to derive (IV.9) and (IV.10) are pre-
sented in the Appendix). At finite (T, µ, eB), we ob-
tain
(
g
(0)
qqM (q˜M )
)−2
= −6
∑
qf
|qfeB|
∞∑
k=0
αk
∫ 1
0
dxx(1 − x)
×
∫
dk3
(2π)2
{
3S(0)2 (ωMk (x))− 4ΞM (x)S(0)3 (ωMk (x))
}
,
(IV.13)
where ΞM (x) is given in (IV.12). To introduce (T, µ),
Eq. (II.28) is used. In the above relations ωMk (x),M ∈{σ, π0} is defined by
ωMk (x) ≡
[
k23 + 2|qfeB|k − x(1 − x)m2M +m2
]1/2
.
(IV.14)
Moreover, similar to the computation presented in [9],
we have used the functions
S(m)ℓ (ω) ≡ T
+∞∑
n=−∞
(k20)
m
(k20 − ω2)ℓ
, (IV.15)
with ℓ ≥ 1,m ≥ 0. Using
S(0)1 (ω) =
1
2ω
[1−Nf (ω)], (IV.16)
with Nf (ω) ≡ n+f (ω) + n−f (ω) and the fermion distri-
bution functions
n±f (ω) ≡
1
eβ(ω∓µ) + 1
, (IV.17)
the following recursion relations can be used to eval-
uate S(m)ℓ (ω), ∀ℓ ≥ 1,m ≥ 0,
S(0)ℓ (ω) =
1
2(ℓ− 1)ω
dS0ℓ−1(ω)
dω
, ℓ ≥ 2,
S(m)ℓ (ω) = S(m−1)ℓ−1 (ω) + ω2S(m−1)ℓ (ω). (IV.18)
In Sec. IVB, we will numerically evaluate the sum
over Landau levels k and the integration over k3 mo-
mentum, appearing in (IV.13).
To determine
(
g
(1)
qqM (q˜M )
)−2
, we use (IV.8) with
µ = 1. To compute the differentiation with respect to
q21 , we use the identity
df(q1)
dq21
|q˜M ,b.c. = 12 d
2f(q1)
dq21
|q˜M ,b.c.,
which is correct for q˜M = (mM ,0). The integration
over k2 and x1 can be carried out using
∫
dk2dx1x1A
±(0)
pk α
±
pk
∣∣∣∣
p2=k2
= 0. (IV.19)
We arrive first at
(
g
(1)
qqM (q˜M )
)−2
=
i
2
∞∑
p,k=0
∫
dk0dk3
(2π)3
×
∫
dk2dx1 e
−iq1x1x21Λ
M
pk(p¯, k¯, x1)
∣∣∣∣
q˜M ,b.c.
, (IV.20)
for M ∈ {σ, π0}. Plugging (IV.4) into (IV.20), and
using
∫
dk2dx1x
2
1
[
A
+(0)
pk α
+
pk +A
−(0)
pk α
−
pk
]∣∣∣∣
p2=k2
=
1
2
C
(1)
pk ,∫
dk2dx1x
2
1A
−(0)
pk α
−
pk
∣∣∣∣
p2=k2
= −1
4
C
(2)
pk ,
(IV.21)
with C
(i)
pk , i = 1, 2, defined by
C
(1)
pk = δp,k(4k + δk,0)−Πk(2k − 1)δp,k−1
−(2k + 1)δp,k+1,
C
(2)
pk = −δp,kδk,0 +Πk
(
2k − 1− 2
√
k(k − 1)
)
δp,k−1
+
(
2k + 1− 2
√
k(k + 1)
)
δp,k+1, (IV.22)
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we first arrive for B 6= 0 and at T = µ = 0, at
(
g
(1)
qqM (q˜M )
)−2
= −3i
∑
qf
∞∑
p,k=0
∫ 1
0
dx
∫
dk0dk3
(2π)3
{[
k2‖ − x(1 − x)m2M −∆(M)pk
][
k2‖ + x(1 − x)m2M −∆pk
]2 C(1)pk
− p¯2k¯2[
k2‖ + x(1 − x)m2M −∆pk
]2C(2)pk }, (IV.23)
with
∆π
0
pk ≡ 2|qfeB|
√
pk +m2,
∆σpk ≡ 2|qfeB|
√
pk −m2,
∆pk ≡ 2|qfeB|[(1− x)k + xp] +m2. (IV.24)
At finite (T, µ, eB), we therefore have
(
g
(1)
qqM (q˜M )
)−2
= 3
∑
qf
∞∑
k=0
∫ 1
0
dx
∫
dk3
(2π)2
{
(4k + δk0)
[S(0)1 (ωMk (x))− 2ΞM (x)S(0)2 (ωMk (x))]
−2(2k + 1)[S(0)1 (ωMk+x(x)) − 2ΞM (x)S(0)2 (ωMk+x(x))] + 4|qeB| (k − x− 2kx)S(0)2 (ωMk+x(x))}, (IV.25)
where ΞM (x) and ω
M
k (x) are defined in (IV.12) and (IV.14), respectively. In the Appendix, we will present the
method we have used to sum over p in (IV.23) and to arrive at (IV.25).
As concerns
(
g
(2)
qqM (q˜M )
)−2
, we set µ = 2 in (IV.8). Using df(q2)
dq22
|q˜M ,b.c. = 12 d
2f(q2)
dq22
|q˜M ,b.c. and∫
dx1dk2
d2
dq22
(
A
+(0)
pk α
+
pk + A
−(0)
pk α
−
pk
) ∣∣∣∣
p2=k2
= −1
2
C
(1)
pk ,
∫
dx1dk2
d2
dq22
A
−(0)
pk α
−
pk
∣∣∣∣
p2=k2
=
1
4
C
(2)
pk ,(IV.26)
with C
(i)
pk , i = 1, 2 given in (IV.22), and eventually
plugging these relations into the resulting expression,
it turns out that
g
(1)
qqM (q˜M ) = g
(2)
qqM (q˜M ), for M ∈ {σ, π0}. (IV.27)
At finite (T, µ, eB), the inverse squared value of
g
(1)
qqM (q˜M ) is given in (IV.25). In the Appendix, we
will present the necessary relations that can be used
to derive (IV.26). To derive g
(3)
qqM (q˜M ), we set µ = 3
in (IV.8). Using (IV.9) and (IV.10), we arrive at
g
(0)
qqM (q˜M ) = g
(3)
qqM (q˜M ), for M ∈ {σ, π0}, (IV.28)
where, at finite (T, µ, eB), the inverse squared value
of g
(0)
qqM (q˜M ) is given in (IV.13). Note that, at this
stage, in the limit ofmπ → 0, g(µ)qqσ(q˜σ) and g(µ)qqπ0(q˜π0),
arising in (IV.13) and (IV.25), as well as (IV.27) and
(IV.28), satisfy g
(µ)
qqσ = |Gµµ|−1/2 as well as g(µ)qqπ0 =
|Fµµ33 |−1/2. Here, the analytical expressions of Gµµ
and Fµµ33 are explicitly presented in [9]. This is indeed
expected from (III.24) and (III.26), which are valid
for arbitrary meson masses mσ and mπ0 . This shows
that gqqM ,M ∈ {σ, π0} arising in (III.24) and (III.26)
are, in the limit mM → 0, equal to unity. In Sec.
IVB, we will evaluate numerically the k3 integration
and the summation over Landau levels k, which ap-
pear in (IV.13) as well as (IV.25). We will present the
T dependence of directional quark-meson couplings
g
(µ)
qqM , µ = 0, · · · , 3, and M ∈ {σ, π0} at zero chem-
ical potential and for eB = 0.03, 0.2, 0.3 GeV2. We
will, in particular, verify (III.24) for all T -dependent
pion masses. Moreover, we will use the data arising
from these results for g
(µ)
qqM , µ = 0, · · · , 3, to deter-
mine the T dependence of directional decay constants
of neutral pions, f
(µ)
π0 , µ = 0, · · · , 3, at zero chemical
potential and for finite and fixed magnetic fields. In
what follows, we will present the analytical results for
f
(µ)
π0 , µ = 0, · · · , 3, using (III.30) with ℓ = m = 3.
2. Directional pion decay constant for neutral pions
Let us consider (III.30) with ℓ = 3 for neutral pions.
Using the fact that Υℓmµ (q) = δℓmΥ
ℓℓ
µ , ∀ℓ,m = 1, 2, 3,
with Υℓmµ given in (III.12), and setting ℓ = 3, we get
f
(µ)
π0 qµ = g
(µ)
qqπ0Υ
33
µ (q). (IV.29)
As it turns out, Eq. (IV.29) is not appropriate to
determine f
(µ)
π0 in the rest frame of neutral mesons,
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especially in the spatial directions. Later we will show
that this is mainly because the spatial components of
Υ33µ (q) vanish in the rest frame of neutral mesons, i.e.
Υ33i (q˜π0) = 0 for q˜π0 = (mπ0 ,0). In what follows,
after determining Υ33µ (q) in the presence of external
magnetic fields, we will present a method from which
f
(µ)
π0 can be determined for all µ = 0, · · · , 3.
We start by plugging the Ritus propagators (II.24)-
(II.27) into (III.12), to arrive at
Υ33µ (q) =
i
2
∞∑
p,k=0
∫
Dp˜ Dk˜
×
∫
d4x e−i(p˜−k˜−q)·xΛ
(µ,3)
pk
(
p¯, k¯, x1
)
, (IV.30)
with
Λ
(µ,3)
pk (p¯, k¯, x1) = trsfc
[
γµPp(x1)SQ(p¯)Pp(0)
×iγ5τ3Kk(0)SQ(k¯)Kk(x)iγ5τ3
]
. (IV.31)
Integrating over x0, x2, x3, and eventually over
p0, p2, p3 components, we arrive at the same bound-
ary conditions pi = ki + qi, i = 0, 2, 3, as described
in the paragraph following (IV.2). Plugging Pp(x1)
from (II.25) into (IV.31), and using the decomposi-
tion Pp(0)Kk(0), as given in (IV.5), and
Kk(x1)γ
µPp(x1)
= γµ
[
(A
+(µ)
pk (x1) + isγ1γ2A
−(µ)
pk (x1)
]
, (IV.32)
with
A
±(0)
pk = A
±(3)
pk
=
1
2
[
f+sp (x1)f
+s
k (x1)±ΠpΠkf−sp (x1)f−sk (x1)
]
,
A
±(1)
pk = A
±(2)
pk
=
1
2
[
Πkf
+s
p (x1)f
−s
k (x1)±Πpf−sp (x1)f+sk (x1)
]
,
(IV.33)
we arrive at
Υ33µ (q) =
i
2
∞∑
p,k=0
∫
dk0dk3
(2π)3
×
∫
dk2dx1 e
−iq1·x1Λ
(µ,3)
pk
(
p¯, k¯, x1
) ∣∣∣∣
b.c.
,(IV.34)
with
Λ
(µ,3)
pk (p¯, k¯, x1) = 12m
∑
qf
{
(p¯− k¯)µN (µ)pk − isgµ1
[
k¯2M+(µ)pk + p¯2M−(µ)pk
]
+ 2gµ2p¯2P(µ)pk
(p¯2 −m2)(k¯2 −m2)
}
, (IV.35)
and
N (µ)pk ≡ A+(µ)pk α+pk +A−(µ)pk α−pk, M±(µ)pk ≡ A+(µ)pk α−pk ±A−(µ)pk α+pk, P(µ)pk = α−pkA−(µ)pk . (IV.36)
Using (IV.10) as well as∫
dk2dx1A
±(1)
pk α
±
pk
∣∣∣∣
p2=k2
= 0,
∫
dk2dx1A
±(1)
pk α
∓
pk
∣∣∣∣
p2=k2
= 0, (IV.37)
and performing the integration over k2 and x1 in
(IV.34) for q = q˜π0 , we get
Υ33i (q˜π0) = 0, for i = 1, 2, 3. (IV.38)
Thus, in order to determine f
(µ)
π0 from (IV.29), espe-
cially in the spatial directions, we have to expand the
r.h.s. of (IV.29) around q˜π0 , and then evaluate both
sides at q˜π0 . Keeping in mind that g
(µ)
qqπ0 , appearing on
the r.h.s. of (IV.29) and defined in (III.23), depends,
in general, on q, we obtain
f
(0)
π0 = m
−1
π0 g
(0)
qqπ0(q˜π0)Υ
33
0 (q˜π0), (IV.39)
f
(i)
π0 = gqqπ0(q˜π0)
d
dqi
Υ33i (q˜π0), (IV.40)
for i = 1, 2, 3. In what follows, Eqs. (IV.39) and
(IV.40) will be used to determine the analytical ex-
pressions for f
(µ)
π0 , µ = 0, · · · , 3.
Setting µ = 0 in (IV.34) with Λ
(µ,3)
pk given in
(IV.35), and using (IV.10) to evaluate the integration
over k2 and x1, f
(0)
π0 from (IV.39) reads
f
(0)
π0 = 3img
(0)
qqπ0(q˜π0)
∞∑
k=0
αk
∑
qf
|qfeB|
×
∫ 1
0
dx
∫
dk0dk3
(2π)3
1[
k¯2 + x(1 − x)m2π0 −m2
]2 ,
(IV.41)
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for nonzero eB and vanishing T and µ, as well as
f
(0)
π0 = −3m g(0)qqπ0
∑
qf
|qfeB|
∞∑
k=0
αk
×
∫ 1
0
dx
∫
dk3
(2π)2
S
(0)
2 (ω
π0
k (x)), (IV.42)
at finite (T, µ, eB). Here, S(0)2 (ωπ
0
k (x)) with ω
π0
k (x)
from (IV.14) is defined in (IV.15) and can be evaluated
using the recursion relations in (IV.18).
Plugging i = 1 into (IV.40), we arrive first at
f
(1)
π0 = 6img
(1)
qqπ0(q˜π0)
∞∑
p,k=0
∑
qf
s
∫
dk0dk3
(2π)3
×
∫
dk2dx1
[k¯2x1M+(1)pk + p¯2x1M−(1)pk ]
(p¯2 −m2)(k¯2 −m2)
∣∣∣∣
q˜π0 ,b.c.
,
(IV.43)
where M±(1)pk are defined in (IV.36) with µ = 1. The
integrations over k2 and x1 can be performed using∫
dk2dx1x1A
±(1)
pk α
∓
pk = −
√|qfeB|
4
√
2
×[Πkδp,k−1(√k ∓√k − 1)
±Πk+1δp,k+1(
√
k + 1∓
√
k)
]
. (IV.44)
After plugging (IV.44) into (IV.43) and summing over
p, by making use of the method described in the Ap-
pendix, we arrive, after some work, at
f
(1)
π0 = 6img
(1)
qqπ0(q˜π0)
∞∑
k=0
∑
qf
|qfeB|
∫
dk0dk3
(2π)3
× 1
[k2‖ + x(1 − x)m2π0 −m2 − 2|qfeB|(k + x)]2
,
(IV.45)
for nonvanishing eB and at zero (T, µ). At finite
(T, µ, eB), we therefore get
f
(1)
π0 = −6mg(1)qqπ0(q˜π0)
∞∑
k=0
∑
qf
|qf eB|
×
∫ 1
0
dx
∫
dk3
(2π)2
S(0)2 (ωπ
0
k+x(x)). (IV.46)
To determine f
(2)
π0 , we use (IV.40) with i = 2. Plug-
ging (IV.34)-(IV.35) into the resulting expression, us-
ing ∫
dk2dx1α
±
pk
d
dk2
A
±(1)
pk
∣∣∣∣
p2=k2
= 0, (IV.47)
as well as∫
dk2dx1A
±(1)
pk
d
dk2
α±pk
∣∣∣∣
p2=k2
=
s|qfeB|
4
√
2
×[Πkδp,k−1(√k ±√k − 1)∓ δp,k+1(√k + 1±√k)],
(IV.48)
and eventually summing over p, using the method pre-
sented in the Appendix, we arrive, after some alge-
braic computations, at
f
(2)
π0 = f
(1)
π0 , (IV.49)
with f
(1)
π0 given in (IV.45) for nonvanishing eB and at
zero (T, µ), and in (IV.46) for finite (T, µ, eB). Fi-
nally, setting i = 3 in (IV.40), and using (IV.10) to
perform the integration over k2 and x1, keeping in
mind that, according to (IV.33), A
±(3)
pk = A
±(0)
pk , we
arrive easily at
f
(3)
π0 = f
(0)
π0 , (IV.50)
with f
(0)
π0 given in (IV.41) for nonvanishing eB and at
zero (T, µ), and in (IV.42) for finite (T, µ, eB). Us-
ing (IV.42) and (IV.46) as well as (IV.49) and (IV.50)
for f
(µ)
π0 , it can easily be checked that, in the limit
mπ0 → 0, f (µ)π0 satisfies f (µ)π0 = m|Fµµ33 |1/2, with Fµµ33
given explicitly in [9]. Comparing this relation with
the definition of f
(µ)
π0 from (III.31) with ℓ = 3, it turns
out that the dimensionful constant f3, appearing orig-
inally in the Ansatz (III.27), is, in the limit of vanish-
ing mπ0 , equal to the constituent mass m. In Sec.
IVB, after numerically computing f
(µ)
π0 from (IV.42)
and (IV.46), we will determine the coefficient f3 us-
ing (III.31) and compare its T dependence for fixed
µ and eB with the T dependence of the constituent
mass m for arbitrary T -dependent mπ0 . But, before
doing this, let us analytically verify the modified GT
relation (III.32). In Sec. III B, we have used (III.36)
to prove (III.32). For zero magnetic fields, the explicit
form of Υℓmµ as a function of the fermion propagator
S(p) is to be used to verify (III.35). In the presence of
magnetic fields, however, where nontrivial Ritus prop-
agators SQ(p) from (II.24) are to be used to determine
Υℓmµ , relation (III.35) cannot be directly proved. To
show the GT relation for neutral magnetized pions,
we use, instead, the analytical results of Υ
(33)
0 and
(g
(0)
qqπ0)
−2 and verify first the following relation:
Υ
(33)
0 (q˜π0) = mmπ0(g
(0)
qqπ0 )
−2 +O(m2π0). (IV.51)
Combining further (III.27) and (III.29) for ℓ = m = 3,
and evaluating the resulting expression
gqqΠ0Υ
33
µ (q) = f3|F0033 |1/2u(µ)2π0 qµ,
on the pion mass shell, i.e., for q = q˜π0 = (mπ0 ,0), we
obtain
gqqπ0Υ
(33)
0 (q˜π0) = f3|F0033 |mπ0 , (IV.52)
which leads, together with (III.24) and (IV.51), to
gqqπ0f3 = m+O(mπ0), (IV.53)
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and eventually, upon using (III.24) and (III.31), to the
GT relation
g
(µ)
qqπ0f
(µ)
π0 = m+O(mπ0), (IV.54)
for neutral pions. Note that (IV.53) is the same as
(III.37) with ℓ = 3. In Sec. III B, we have shown how
the GOR relation (III.33) for neutral pions,
m2π0f
(µ)2
π0 = u
(µ)2
π0
m0σ0
2G
+O(m20), (IV.55)
can be derived from (IV.53) and (III.38). As concerns
the proof of (IV.51), we use (IV.34) and (IV.35) with
µ = 0. Using (IV.10) to perform the integration over
k3 and x1, we arrive at
Υ
(33)
0 (q˜π0) = 3immπ0
∞∑
k=0
αk
∑
qf
∫
dk0dk3
(2π)3
× 1
[(k0 +mπ0)2 − k23 − 2|qfeB|k −m2]
× 1
[k2‖ − 2|qfeB| −m2]
. (IV.56)
Expanding the r.h.s. of this relation in orders of mπ0 ,
we get
Υ
(33)
0 (q˜π0) = −3mmπ0
∞∑
k=0
αk
∑
qf
∫
dk3
(2π)2
S(0)2 (ωk)
+O(m2π0), (IV.57)
at finite (T, µ, eB). Here, S(0)2 (ωk) is defined in
(IV.15) and ω2k = k
2
3 +m
2 + 2|qfeB|k. On the other
hand, let us consider (g
(0)
qqM (q˜M ))
−2 from (IV.13).
For M = π0, it consists of two terms. Neglect-
ing the second term proportional to m2π0 , expand-
ing S(0)2 (ωπ
0
k (x)), appearing in the first term around
mπ0 = 0, and eventually integrating the resulting ex-
pression over the Feynman parameter x, we get
(g
(0)
qqπ0(q˜π0))
−2 = −3
∞∑
k=0
αk
∑
qf
∫
dk3
(2π)2
S(0)2 (ωk)
+O(m2π0), (IV.58)
which, together with (IV.57), leads to (IV.51). This
proves the GT and GOR relations in the limit mπ0 →
0. In what follows, we will numerically verify, among
others, these relations for arbitrary pion mass at finite
(T, µ, eB).
B. Numerical results
In the previous section, we determined analytically
the directional neutral mesons coupling and decay
constants, g
(µ)
qqM ,M ∈ {σ, π0} and f (µ)π0 , at finite
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FIG. 8: The T dependence of directional quark-meson cou-
plings is demonstrated for eB = 0 [panel (a)] and eB = 0.2
GeV2 [panels (b) and (c)]. Solid blue curves are directional
quark-sigma couplings g
(µ)
qqσ, and the dashed red curves are
the directional quark-pion couplings g
(µ)
qqπ0
. In contrast to
eB 6= 0, for eB = 0, there is no difference between the
quark-meson couplings in longitudinal and transverse di-
rections with respect to the direction of the external mag-
netic field eB.
(T, µ, eB) up to an integration over k3 momentum and
a summation over discrete Landau levels. Using these
analytical results, it is possible to prove the GT and
GOR relations in the limit ofmπ0 → 0. In the present
section, we will numerically determine the T depen-
dence of g
(µ)
qqM ,M ∈ {σ, π0} and f (µ)π0 for zero chemi-
cal potential and finite eB = 0.03, 0.2, 0.3 GeV2. We
will compare g
(0)
qqM with g
(1)
qqM , which corresponds to
quark-meson couplings in the longitudinal and trans-
verse directions with respect to the direction of the
external magnetic field. We then present the results
for the T dependence of f
(µ)
π0 for vanishing chemical
potential and fixed eB, and will compare f
(0)
π0 with
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f
(1)
π0 . Using these numerical results, and the results
from our previous paper [9], we will numerically de-
termine the dimensionful constant f3, appearing in
the definition (III.31) with ℓ = 3. We will show that,
for arbitrary mπ0 , it is given by the constituent quark
mass m. Finally, a numerical verification of the GOR
relation will be presented.
Let us start by fixing the parameters of our specific
model, Λ, G and m0. As in [9, 30], we have used
Λ = 0.6643 GeV, G = 4.668 GeV2,
m0 = 5 MeV. (IV.59)
The UV momentum cutoff Λ is necessary to perform
the k3 integrations in the results for g
(µ)
qqM ,M ∈ {σ, π0}
and f
(µ)
π0 from previous sections. It is also used to
determine the upper limit c for the summation over
Landau levels. We will fix c by building the ratio
⌊ Λ2|qfeB| ⌋ ≡ c, where ⌊z⌋ is the greatest integer less than
or equal to z. To perform the momentum integrations
over k and k3, we use, as in [9, 30], smooth cutoff
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FIG. 9: The T dependence of directional quark-pion cou-
plings g
(µ)
qqπ0
are demonstrated for vanishing chemical po-
tential and eB = 0.03, 0.2, 0.3 GeV2. In panels (a) and
(b), the longitudinal coupling g
(0)
qqπ0
= g
(3)
qqπ0
and transverse
coupling g
(1)
qqπ0
= g
(2)
qqπ0
are plotted, respectively. The cou-
plings show different behaviors by increasing the strength
of the magnetic field eB at fixed T , and similar behav-
iors before and after the transition temperature Tc ∼ 200
MeV.
functions
fΛ,0 =
1
1 + exp
(
|k|−Λ
A
) ,
fkΛ,B =
1
1 + exp
(√
k23+2|qf eB|k−Λ
A
) , (IV.60)
which correspond to integrals with vanishing and non-
vanishing magnetic fields. In fkΛ,B, the upper index k
labels the Landau levels. In (IV.60), A is a free param-
eter, that determines the sharpness of the cutoff. It
is fixed to be A = 0.05Λ, with Λ from (IV.59). As we
have also mentioned in Sec. II, fixing the free param-
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FIG. 10: Longitudinal (blue solid curves) and transverse
(red dashed curves) quark-pion couplings, g
(0)
qqπ0
= g
(3)
qqπ0
and g
(1)
qqπ0
= g
(2)
qqπ0
, are compared in the interval T ∈
[0, 400] MeV for vanishing chemical potential and various
eB = 0.03 GeV2 [panel (a)], eB = 0.2 GeV2 [panel (b)]
and eB = 0.3 GeV2 [panel (c)]. As it turns out, the lon-
gitudinal coupling is always greater than the transverse
coupling.
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neutral pions, f
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, are compared for vanishing chemical potential and nonvanishing eB = 0.03, 0.2, 0.3 GeV2.
As it turns out, f
(0)
π0
< f
(1)
π0
.
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FIG. 13: The T dependence of f3 appearing in the
PCAC relation (III.27). Here, f3 is determined using
f3 = f
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|F0033 |
−1/2 from (III.31) with ℓ = 3. Compar-
ing these results with the corresponding data from the T
dependence of the constituent quark mass m, it turns out
that f3 = m for an arbitrary value of mπ0 .
eters of the model as in (IV.59), the constituent mass
m at zero (T, µ, eB) turns out to be m ∼ 308 MeV,
as expected. Moreover, the pion mass and decay con-
stant for vanishing (T, µ, eB) are given by mπ ∼ 139.6
MeV and fπ = 93.35 MeV, respectively. These values
are expected from the phenomenology of a two-flavor
NJL model [3]. We will limit all our numerical com-
putations in this section in the interval T ∈ [0, 400]
MeV for vanishing µ and eB = 0, 0.03, 0.2, 0.3 GeV2.
As we have shown in [9, 30], in this interval the chiral
symmetry of the theory is broken and the quark con-
densate σ0 ∼ 〈ψ¯ψ〉, appearing in m = m0 + σ0, plays
the role of the order parameter of the transition from
a chirally broken to a chirally symmetric phase.
In Figs. 8(a)-(c), we have plotted the T depen-
dence of the directional quark-meson coupling g
(µ)
qqσ
(solid blue curves) and g
(µ)
qqπ0 (red dashed curves) for
eB = 0 [Fig. 8(a)] and eB = 0.2 GeV2 [Figs. 8(b)
and 8(c)]. Whereas for eB = 0, there is no dif-
ference between g
(µ)
qqM ,M ∈ {σ, π0} for different di-
rections µ = 0, · · · , 3, for eB 6= 0, the longitudinal
and transverse quark-meson couplings for σ and π0
are different [compare the solid blue and dashed red
curves in Figs. 8(b) and 8(c)]. At certain temper-
ature Tcross, the two curves cross, i.e., g
(µ)
qqσ becomes
equal to g
(µ)
qqπ0 . For T < Tcross, g
(µ)
qqσ < g
(µ)
qqπ0 and for
T > Tcross, g
(µ)
qqσ > g
(µ)
qqπ0 . Moreover, as it turns out,
for eB = 0, Tdiss. < Tcross < TMott. For eB 6= 0, how-
ever, we have to separate the longitudinal and trans-
verse cases. Whereas for longitudinal couplings, we
have Tdiss. < Tcross < TMott, for transverse couplings,
we get Tcross < Tdiss. < TMott. Whether this tem-
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FIG. 14: The T dependence of f
(µ)
π0
(red squares) is compared with the T dependence of m|Fµµ33 |
1/2 (black solid lines)
for longitudinal µ = 0, 3 [panels (a)-(c)] and transverse directions µ = 1, 2 [panels (d)-(e)]. Together with the definition
f
(µ)
π0
= f3|F
µµ
33 |
1/2 from (III.31) with ℓ = 3, we obtain f3 = m, as expected also from the comparison of the data of f3 in
Fig. 13 and the constituent quark mass m = m0 + σ0 in Fig. 1.
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FIG. 15: To verify the relation (IV.61), suggested by the GOR relation (IV.55), the T dependence of m2π0 (black solid
lines) is compared with m0m
2Gf
(0)2
π0
(red dots) [panels (a)-(c)] and with u
(1)2
π0
m0m
2Gf
(1)2
π0
(red dots) [panels (d)-(f)]. Relation
(IV.61) seems to be exact, especially at temperatures below the critical temperature and for small eB.
perature is of certain relevance, in particular, in the
scattering length and the total cross section of meson-
meson scattering, where the thermodynamic proper-
ties of quark-meson couplings play an important role
is under investigation.
In Fig. 9, the T dependence of directional quark-
pion couplings, g
(µ)
qqπ0 , is plotted for vanishing chemical
potential and various eB = 0, 0.03, 0.2, 0.3 GeV2. The
longitudinal quark-pion coupling g
(0)
qqπ0 = g
(3)
qqπ0 from
(IV.13) with M = π0 is plotted in Fig. 9(a), and
the transverse quark-pion coupling g
(1)
qqπ0 = g
(2)
qqπ0 from
(IV.25) with M = π0 is plotted in Fig. 9(b). Whereas
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the behavior of longitudinal and transverse couplings
is different by increasing the strength of the external
magnetic field for a fixed temperature, it turns out
to be similar when we increase the temperature from
T = 0 to T = 400 MeV. An inflection point arises in
directional quark-pion coupling constants around the
critical temperature T ∼ 200 MeV. Comparing the
longitudinal and transverse quark-pion couplings in
Fig. 10, it turns out that g
(0)
qqπ0 > g
(1)
qqπ0 in the interval
T ∈ [0, 400] MeV and for fixed chemical potential and
magnetic fields. This is a direct consequence of the
fact that the transverse refraction index of pions is
larger than unity: As we have seen in Fig. 4, u
(1)
π0 =
u
(2)
π0 > 1. Using g
(µ)
qqπ0 = gqqπ0 |Fµµ33 |−1/2 from (III.24)
with ℓ = 3, and u
(µ)
π0 =
∣∣Fµµ33 /F0033 ∣∣1/2 from (III.17),
we will get g
(0)
qqπ0 = gqqπ0 |F0033 |−1/2 as well as g(1)qqπ0 =
g
(0)
qqπ0/u
(1)
π0 . For u
(1)
π0 > 1, it turns out that g
(0)
qqπ0 >
g
(1)
qqπ0 , as is observed in Fig. 10.
Let us now consider the longitudinal and trans-
verse pion decay constants, f
(0)
π0 = f
(3)
π0 and f
(1)
π0 = f
(2)
π0
from (IV.42) and (IV.46), respectively. In Fig. 11(a),
the T dependence of fπ0 is plotted for vanishing chem-
ical potential and magnetic fields. In Figs. 11(b) and
11(c), the T dependence of longitudinal and transverse
decay constants of neutral pions, f
(0)
π0 and f
(1)
π0 , is plot-
ted for zero chemical potential and nonvanishing mag-
netic fields eB = 0.03, 0.2, 0.3 GeV2. In both cases,
f
(µ)
π0 is large below the critical temperature and de-
creases with increasing temperature. At a fixed tem-
perature, the directional pion decay constants increase
as the strength of the magnetic field increases. In Figs.
12(a)-12(c), we have compared the T dependence of
the longitudinal and transverse decay constants for
µ = 0 and eB = 0.03, 0.2, 0.3 GeV2. As it turns out,
f
(0)
π0 < f
(1)
π0 . This behavior is again related to u
(1)
π0 > 1
from Fig. 4: Using the definition f
(µ)
π0 = f3|Fµµ33 |1/2
from (III.31) with ℓ = 3, and u
(µ)
π0 =
∣∣Fµµ33 /F0033 ∣∣1/2
from (III.17), it turns out that f
(0)
π0 = f3|F0033 |1/2 and
f
(1)
π0 = f
(0)
π0 u
(1)
π0 . For u
(1)
π0 > 1, we have therefore
f
(0)
π0 < f
(1)
π0 , as observed in Fig. 12. Note that com-
bining g
(1)
qqπ0 = g
(0)
qqπ0/u
(1)
π0 and f
(1)
π0 = f
(0)
π0 u
(1)
π0 yields
the GT relation (III.32).
Using the corresponding data of f
(µ)
π0 and the defi-
nition of directional decay constant f
(µ)
π0 from (III.31)
with ℓ = 3, it is possible to determine the T de-
pendence of f3 defined by f
(µ)
π0 = f3|Fµµ33 |1/2. To
do this, we have also used the data corresponding
to the T dependence of Fµµ33 from our previous pa-
per [9]. In Fig. 13, we have presented the T depen-
dence of f3 for vanishing chemical potential and vari-
ous eB = 0.03, 0.2, 0.3 GeV2. Comparing these results
with the corresponding data from the T dependence
of the constituent quark mass m, it turns out that
f3 = m for an arbitrary value of mπ0 . According to
our arguments from [9], for a fixed T and µ, the con-
stituent quark mass increases with increasing strength
of the magnetic field (see also Fig. 1). This is because
of the phenomenon of magnetic catalysis [5, 6]. We
conclude therefore that the behavior of longitudinal
and transverse pion decay constants in external mag-
netic fields at fixed temperature and chemical poten-
tial is mainly affected by this phenomenon.
Note that another way to verify f3 = m is to com-
pare the T dependence of f
(µ)
π0 on the l.h.s. of the
relation f
(µ)
π0 = m|Fµµ33 |1/2 with the T dependence of
m|Fµµ33 |1/2 on the r.h.s. of this relation for longitudi-
nal directions µ = 0, 3 [Figs. 14(a)-14(c)], and trans-
verse directions µ = 1, 2 [Figs. 14(d)-14(f)]. The red
squares denote the data for f
(µ)
π0 , µ = 0, 1 and the black
solid lines the combination m|F00|1/2 for longitudinal
µ = 0, 3 and m|F11|1/2 for transverse µ = 1, 2 direc-
tions.
Let us now consider the GOR relation (IV.55) for
neutral pions. In Sec. IVA, we have analytically
proved the GOR relation (IV.55) in the limit of vanish-
ing mπ0 . In Fig. 15, however, we have compared the
T dependence of the expression u
(µ)2
π0
m0m
2Gf
(µ)
π0
(red dots)
with the T dependence of m2π0 (black solid lines) for
any value of mπ0 for various eB = 0.03, 0.2, 0.3 GeV
2.
In Figs. 15(a)-15(c), we present the data for longitu-
dinal directions, i.e. for µ = 0 with u
(0)
π0 = u
(3)
π0 = 1
[see Fig. 4(b) for the longitudinal refraction index of
neutral pions], and in Figs 15(d)-15(f) the data for
transverse directions are presented. Note that, ac-
cording to Fig. 4 [9], the transverse refraction index
of neutral pions is larger than unity. As it is shown in
Fig. 15, the relation
m2π0 = u
(µ)2
π0
m0m
2Gf
(µ)
π0
, (IV.61)
seems to be exact in the interval below the critical
temperature. As we have explained in [9], the crit-
ical temperature is defined by the temperature from
which the neutral pion mass starts to increase. The
deviations of the expression on the r.h.s. of (IV.61)
from m2π0 on the l.h.s. of this relation depend on eB
and T .
V. SUMMARY AND CONCLUSIONS
Uniform magnetic fields affect the properties of
mesons in a hot and dense quark matter. In our previ-
ous paper [9], we systematically studied these effects
on the pole and screening mass as well as the refrac-
tion index of pions. In the present paper, we continued
with exploring the effect of constant magnetic fields
on the pion weak decay constant. One of our first ob-
servations was that external magnetic fields break the
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isospin symmetry of pions, insofar as charged and neu-
tral pions behave differently in the external magnetic
fields. In contrast to the studies performed in [32, 33],
where chiral perturbation theory is used to study the
effect of constant magnetic fields on the properties of
charged pions, we focused on the properties of neutral
pions in external magnetic fields.
In this paper, following the same method as in our
previous paper [9], we used an appropriate derivative
expansion up to second order and derived the effective
action of a two-flavor bosonized NJL model at finite
(T, µ, eB) in this approximation. The resulting effec-
tive action is given as a functional of σ and π0 mesons
and includes a kinetic and a potential part. To derive
the mass and refraction indices of neutral mesons, we
focused, in particular, on the nontrivial kinetic part of
the effective action, including nontrivial form factors.
They were evaluated in [9] using the method presented
in Sec. II. As it turns out, they play an essential role
in defining the pole and screening mass as well as the
directional refraction indices of neutral pions. As con-
cerns the pions’ refraction index, it turns out that in
the presence of a constant magnetic field, aligned in a
fixed direction, the refraction indices of neutral pions
parallel to the direction of the external magnetic field
and in the plane perpendicular to this direction are
different. Within our approximation, where the con-
tributions of pion-pion interactions are neglected, and
at T 6= 0 and eB 6= 0, the longitudinal refraction in-
dex is unity for all nonvanishing T and eB, while the
transverse refraction index is larger than unity. This
is in contrast to the case T = 0 and eB = 0, where the
refraction index for neutral pions in all spatial direc-
tions is equal to unity. This is also in contrast to the
case T 6= 0 and eB = 0, where all spatial refraction in-
dices are equal to and smaller than unity [14–16]. One
of the possibilities to improve the results in this paper
is to include pion self-interaction terms in the original
Lagrangian for pions and to study the T dependence
of directional refraction indices in the longitudinal and
transverse directions in that setup.
Our central analytical result in this paper is pre-
sented in Sec. III. In Sec. III A, we briefly reviewed
the method introduced in [3] and derived the weak de-
cay constant of pions at zero T and eB. In this case,
the pions satisfy an ordinary isotropic energy disper-
sion relation E2π = q
2 +m2π, and the weak decay con-
stant fπ is given by combining the ordinary PCAC
relation and the Feynman integral corresponding to
a one-pion-to-vacuum amplitude. As a by-product,
the momentum-dependent quark-pion coupling con-
stant gqqπ(q) is also defined. Our starting point in
Sec. III B, however, was an anisotropic energy disper-
sion relation, E2π = u
(i)2
π q2i +m
2
π, including directional
refraction indices u
(i)
π , i = 1, 2, 3. Note that, accord-
ing to the above arguments, the case of nonvanish-
ing magnetic field and/or finite temperature can be
viewed only as special cases of the general assump-
tion of Sec. III B.12 Introducing a modified PCAC
relation with nontrivial four-vector u
(µ)
πa = (1, u
(i)
πa), as
given in (III.27), and following the same arguments
as in Sec. III A, we derived the modified GT and
GOR relations, (III.32) and (III.33), including the di-
rectional pion weak decay constant f
(µ)
π0 and the di-
rectional quark-pion coupling constant g
(µ)
qqπ0 .
In Sec. IV, we then used the results arising from
the general treatment presented in Sec. III B and
determined g
(µ)
qqπ0 as well as f
(µ)
π0 at finite T and eB
first analytically in Sec. IVA, and then numerically
in Sec. IVB. As it turns out, the longitudinal and
transverse quark-pion coupling and weak decay con-
stants satisfy g
(0)
qqπ0 = g
(3)
qqπ0 6= g(1)qqπ0 = g(2)qqπ0 and
f
(0)
π0 = f
(3)
π0 6= f (1)π0 = f (2)π0 . We determined numerically
their T dependence for various eB. We showed that,
whereas g
(0)
qqπ0 > g
(1)
qqπ0 , we have f
(0)
π0 < f
(1)
π0 . This is
a direct consequence of the fact that 1 = u
(0)
π0 < u
(1)
π0 ,
as it is shown in Fig. 4. Moreover, for a fixed µ and
eB, whereas the mass of neutral pions increases with
increasing T [see Fig. 3(b)], the directional decay con-
stants of pions decrease with T . At fixed µ and T , they
increase with increasing strength of the external mag-
netic field (see Fig. 11). As concerns the behavior of
pions, directional decay constants f
(µ)
π0 , µ = 0, · · · , 3
near the chiral transition point Tc, it turns out, that,
independent of the direction, they are almost constant
but large at T ≪ Tc, start to decrease at T ≃ Tc and
remain constant but very small at T ≫ Tc. Moreover,
the slope of this decrease as a function of T depends
on the strength of the external magnetic field. The be-
havior of g
(µ)
qqπ0 and f
(µ)
π0 in the external magnetic field
and at finite T is strongly related to the behavior of
the constituent quark massm at finite T and eB. This
relationship is reflected in the low energy relations of
neutral pions, the GT and GOR relations. We not
only derived these relations analytically in Sec. IVA,
but also verified them numerically in Sec. IVB. The
behavior of the constituent quark mass m at finite T
and eB was discussed extensively in our previous pa-
per [9]. Comparing Figs. 1 and 11(a)-11(c), it turns
out that m and f
(µ)
π0 have similar T dependence for a
fixed eB. The phenomenon of magnetic catalysis is
reflected in the fact that at fixed µ and T , they both
increase with increasing eB. As we have shown in Sec.
III, f
(µ)
π0 and m are proportional, and the proportion-
ality factor is, according to the GT relation (III.32),
1/g
(µ)
qqπ0 . Let us finally note that our results can be
improved by improving the approximation we have
12 Remember that at finite temperature, the refraction indices
satisfy u
(1)
π = u
(2)
π = u
(3)
π = u [see (I.4)]. In the nonvanishing
magnetic field, however, they satisfy u
(1)
π = u
(2)
π 6= u
(3)
π [see
(I.5)].
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used to determine the kinetic coefficients to higher
order derivative expansion, or by making use of the
functional renormalization group method, which was
recently used in [34].
Appendix: Useful relations
In this appendix, we present a number of useful rela-
tions leading to the analytical results presented in Sec.
IV. Let us start with the orthonormality relations of
f±sp appearing in (II.26),∫
dx1 f
+s
p (x)f
+s
k (x)
∣∣∣∣
p2=k2
= δpk,∫
dx1 x1 f
+s
p (x)f
+s
k (x)
∣∣∣∣
p2=k2
= ℓB
{
ΠkCkδp,k−1
+Πk+1Ck+1δp,k+1 + sℓBk2δp,k
}
,∫
dx1 x
2
1 f
+s
p (x)f
+s
k (x)
∣∣∣∣
p2=k2
= ℓ2B
{
(2C22k+1 + ℓ
2
Bk
2
2)δpk +ΠkΠk−1CkCk−1δp,k−2
+Ck+1Ck+2δp,k+2 + 2ΠkCksℓBk2δp,k−1
+2Πk+1Ck+1sℓBk2δp,k+1
}
, (A.1)
and∫
dk2 f
+s
p (0)f
+s
k (0)
∣∣∣∣
p2=k2
=
δpk
ℓ2B
,∫
dk2 k2 f
+s
p (0)f
+s
k (0)
∣∣∣∣
p2=k2
= − s
ℓ3B
{
Ck+1δp,k+1
+ΠkCkδp,k−1
}
,∫
dk2 k
2
2 f
+s
p (0)f
+s
k (0)
∣∣∣∣
p2=k2
=
1
ℓ4B
{
2C22k+1δpk
+ΠkΠk−1CkCk−1δp,k−2 + Ck+1Ck+2δp,k+2
}
.
(A.2)
Here, Ck ≡
√
k
2 and ℓB ≡ 1√|qf eB| . To derive these
relations, we have used
x1f
+s
p (x) = ℓB
{
Πp+1Cp+1f
+s
p+1(x) + ΠpCpf
+s
p−1(x)
+sℓBp2f
+s
p (x)
}
,
p2f
+s
p (x) = −
s
ℓB
{
Πp+1Cp+1f
+s
p+1(x)
+ΠpCpf
+s
p−1(0)
}
. (A.3)
Apart from (IV.44), we have∫
dx1dk2x1A
+(1)
pk α
+
pk =
1
4ℓB
{
2ΠkCkαk
−Πkδp,k−1 (Ck + Ck−1)
−Πk+1δp,k+1 (Ck+1 − Ck)
}
, (A.4)
as well as∫
dx1dk2x1A
−(1)
pk α
−
pk
= − 1
4ℓB
{
Πkδp,k−1 (Ck − Ck−1)
−Πk+1δp,k+1 (Ck+1 − Ck)
}
, (A.5)
which can be used to derive (IV.48) as well as∫
dx1dk2
d
dk2
[
α+pkA
+(1)
pk + α
−
pkA
−(1)
pk
]∣∣∣∣
p2=k2
= − s
2ℓ2B
[
Πkδp,k−1 + δp,k−1
]
. (A.6)
Similarly, we have∫
dx1dk2
d
dk2
[
α+pkA
+(0)
pk + α
−
pkA
−(0)
pk
]∣∣∣∣
p2=k2
= − s
2ℓ2B
[
Πkδp,k−1 + δp,k−1
]
. (A.7)
Finally, we present the method leading to g
(1)
qqπ0 from
(IV.25) and to f
(1)
π0 from (IV.45). The relations lead-
ing to (IV.25) and (IV.49) have the following general
structure:
I ≡
∞∑
p,k=0
∫ 1
0
dxf(p, k, x)
×[Πkδp,k−1F (p, k) + δp,k+1G(p, k)]. (A.8)
The aim is to show
I =
∑
k=0
∫ 1
0
dxf(k + 1, k, x)
[
F (k, k) +G(k + 1, k)
]
.
(A.9)
Starting from (A.8) and summing over p, we arrive
first at
I =
∞∑
k=0
∫ 1
0
dx
[
Πkf(k − 1, k, x)F (k − 1, k)
+f(k + 1, k, x)G(k + 1, k)
]
. (A.10)
Changing the variables in the first term and using the
property of f(p, k, x)
f(k, k + 1, x) = f(k, k + 1, 1− x),
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we arrive at
I =
∞∑
k=0
∫ 1
0
dx
[
f(k, k + 1, 1− x)F (k)
+f(k + 1, k, x)G(k + 1)
]
.
Then using the symmetry property∫ 1
0
dxf(k + 1, k, 1− x) =
∫ 1
0
dxf(k + 1, k, x),
we arrive at (A.9). In all our examples in Sec. IV,
f(p, k, x) has the general form
f(p, k, x) =
A+B
√
pk
[C + x(1 − x)m2 +D(px+ k(1− x))]2 .
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